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Abstract

This thesis is about various aspects of linear time—varying systems and nonstationary processes (to-
gether nonstationary environments). Such nonstationary environments play an important role in
modern communication engineering, particularly as models for natural signals or time-varying com-
munication channels.

Emphasis is on time—frequency—parametrized representations of nonstationary environments, i.e.,
time—varying power spectra and time—varying transfer functions. Introduction of the generalized Weyl
correspondence enables a unified formulation of classical, so far seemingly disparate definitions like
Priestley’s evolutionary spectrum, the Wigner—Ville spectrum, Zadeh’s time-varying transfer func-
tion (Kohn-Nirenberg symbol) and the Weyl symbol. Nonstationary Wiener filtering provides an
illustrative example for the limited applicability of these time—frequency concepts to a straightfor-
ward generalization of frequency domain solutions. We introduce a fundamental classification into
underspread/overspread environments based on characterizing the underlying linear operator by the
essential support of its spreading function. For underspread environments it is shown that the time—
frequency—parametrized representations get essentially definition-independent and can be used in
the same manner as the frequency—parametrized representations of stationary environments. Com-
bining the practical efficiency of time—frequency—parametrized representations with the theoretical
optimality of a diagonalizing transform leads to window matching criteria for the short—time Fourier
transform/Gabor expansion (discrete/continuous Weyl-Heisenberg expansion) of signals and linear
systems.

Zusammenfassung

Diese Dissertation behandelt die Theorie linearer zeitvarianter Systeme und nichtstationarer Prozesse
(zusammen nichtstationdre Umgebungen). Nichtstationdre Umgebungen stellen ein wichtiges aktuelles
Forschungsgebiet der modernen Nachrichtentechnik dar. Sie sind insbesonders bei der Modellierung
natiirlicher Signale oder zeitvarianter Nachrichtenkanale von Bedeutung.

Der Schwerpunkt der Untersuchungen liegt auf zeit—frequenz—parametrisierten Darstellungen, also
zeitvarianter Leistungsdichtespektren und zeitvarianter Ubertragungsfunktionen. Die Einfithrung der
verallgemeinerten Weyl-Korrespondenz ermdglicht eine einheitliche Formulierung bislang nur undurch-
sichtig zusammenhangender Konzepte wie dem evolutionaren Spektrum nach Priestley, dem Wigner—
Ville-Spektrum, der von Zadeh eingefithrten zeitvarianten Ubertragungsfunktion (Kohn—Nirenberg—
Symbol) und dem Weyl-Symbol. Das nichtstationdre Wiener-Filter dient als illustratives Beispiel
fur die begrenzte Anwendbarkeit solcher Darstellungen. Basierend auf der Spreadingfunktion des
die nichtstationidre Umgebung charakterisierenden Operators wird eine fundamentale Klassifikation in
Underspread /Overspread—Umgebungen eingefithrt. Fiir Underspread-Umgebungen werden eine Reihe
von Eigenschaften bewiesen, die die Anwendbarkeit von Zeit—Frequenz—Konzepten analog zu den Fre-
quenzbereichsdarstellungen stationdrer Umgebungen verdeutlichen. Die Kombination von effizien-
ten, zeit—frequenz—parametrisierten Darstellungen mit der theoretischen Optimalitat diagonalisieren-
der Transformationen fithrt zu Fensteroptimierungskriterien fiir die Kurzzeit—Fouriertransformation/-
Gabor-Entwicklung (kontinuierliche/diskrete Weyl-Heisenberg—Entwicklung) von Signalen und line-
aren Systemen.
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Chapter 1

Introduction

This introduction motivates the present work followed by an overview of the original results and the
basic structure of the text.

1.1 Motivation

Theoretically optimal signal processing procedures are almost always (implicitly or explicitly) based
on the solution of an eigenproblem, i.e., the determination of eigenfunctions and eigenvalues of a linear
system. Related to the context of this work we point out the role of eigenexpansions in three specific
areas of communication engineering:

e In the theory of linear time—invariant systems the Fourier transform and the Laplace transform
are standard tools [266, 267, 224]. The “basis”—functions of these integral transforms are gener-
alized eigenfunctions of a linear time—invariant system and the transfer function plays the role
of a continuous eigenvalue distribution'.

e The Karhunen-Loeve (KL) transform? is based on the eigenexpansion of a covariance matrix
(or covariance kernel in a continuous setting) [194, 225, 4]. The solution of many important
statistical signal processing problems such as the design of optimum source coding schemes
requires knowledge of the KL basis signals [355, 326].

e For the digital communication over linear channels it is highly desirable to employ eigensignals
as transmission pulses since this means vanishing orthogonal distortion and in turn straight-
forward implementation of optimum detectors. The Nyquist criterion for the design of digital
transmission pulses [227] or the theory of prolate spheroidal wave functions [331] are classical
examples where eigen—theory is fundamental for the design of transmission pulses.

However, in the context of linear time-varying systems or nonstationary random processes (together
nonstationary environments) exact eigenexpansions are often not applicable due to the following rea-
sons:

With this terminology we follow the usual mathematical physicists viewpoint [125, 5]. Mathematically precise (part
of the spectral theory of linear operators) the LTI system’s transfer function for some specific fo, H(fo) is no eigenvalue of
the underlying translation invariant operator acting on the Hilbert space L2(R), rather it is an element of the continuous
spectrum. However, H(fo) is an approximate eigenvalue in the sense of the approximate point spectrum and it gets to
a precise eigenvalue whenever H(f) = const in a neighborhood of fy [311, p.115]. Alternatively, by virtue of Gelfand
theory it is correct to speak about generalized eigenvalues whose corresponding eigen—“functions” are distributions, thus
generalized functions.

2In a discrete context the KL transform is sometimes called Hotelling transform. Note, furthermore that the concept
of principal components and factor analysis boil down to the same idea of covariance diagonalization.
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e An exact eigenbasis typically does not possess the mathematical structure that admits efficient
implementation or it does not establish an admissible set of transmission pulses for digital
communication.

e In case of incomplete a priori knowledge about a nonstationary environment (as for example in
mobile radio communication or practical Wiener filtering for signal enhancement) an approxi-
mate diagonalization is the best one can hope to achieve.

1.2 Why Weyl-Heisenberg?

Structured signal sets are fundamental in many signal processing applications. The basic concept is
to generate the whole set out of one prototype signal (wavelet, window, pulse, atom, logon etc.) by
applying groups of unitary operators (e.g. time shift, frequency shift, scaling). The group structure is
fundamental for the fast discrete implementation of such transforms. The most prominent structures
are the affine group leading to the Wawvelet transform and the Weyl-Heisenberg group leading to the
short—time Fourier transform and Gabor expansion [68]. As the title says, this thesis exclusively deals
with the Weyl-Heisenberg group. This fact requires some words of justification particularly because
the current mainstream of “time-varying signal processing” research puts the focus on the extremely
popular Wavelet transform. We make the following points in favour of the Weyl-Heisenberg group:

e Time and frequency shifted versions of prototype signals are used in numerous ezisting appli-
cations such as digital communication, source coding, speech recognition, signal analysis and
signal enhancement. Hence, one can try to improve performance without total redesign by an
appropriate choice of the prototype signal and the time—frequency sampling grid.

e Practically important nonstationary environments such as the mobile radio channel are charac-
terized by two energy—preserving effects: the narrowband Doppler shift and time delay, which
are just the basic ingredients of the Weyl-Heisenberg group (the wideband Doppler effect leads
to the affine group).

e For slowly time—varying linear systems a time—varying transfer function should make sense—it
is time—frequency parametrized. The analog reasoning holds for slowly nonstationary random
processes where one expects that the (time-frequency-parametrized) time-varying power spec-
trum achieves essentially the same properties as the power spectrum of wide—sense stationary
random processes.

1.3 Addressed Problems

Time—frequency—parametrized representations of signals and systems have a comparatively long tra-
dition. Most of the important concepts where introduced in two decades following the second world
war, thus before the advent of powerful digital signal processing hardware. However, while short—
time Fourier analysis became a standard signal analysis tool, the other prominent and mathematically
even more sophisticated time—frequency concepts such as Zadeh’s time-varying transfer function or
Priestley’s evolutionary spectrum hardly ever explicitly entered real-world signal processing solutions.
This fact may be explained by a lack of mathematical justification in the sense of the following open
problems:

e Given the usual (Zadeh’s) definition of a time—varying transfer function, in how far does this
function reflect algebraic properties of the LTV system’s eigenvalues? In particular, does the
minimum/maximum of the transfer function reliably reflect the maximum/minimum eigenvalue
of the system? When does the cascade of two systems correspond to a multiplication of their
transfer functions?
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e Given the notion of a time-varying power spectrum, is there any connection to the process’
KL eigenvalues? (For wide-sense stationary random processes the power spectrum establishes
indeed the continuous eigenvalue distribution of the convolution—type covariance kernel.)

e The linear time—invariant filtering of stationary random processes is best characterized by a
frequency domain multiplication of the process’ power spectrum and the magnitude squared
transfer function of the filter. Can one set up appropriate conditions on a linear time-varying
filter and a nonstationary random process such that the well-known frequency domain multipli-
cation relation carries over to an (approximate) time—frequency domain multiplication?

e What about the various classical definitions of a time—varying power spectrum related to the
previous question, is anyone marked out by better theoretical behavior?

e For slowly time-varying systems it is an intuitive assumption that windowed sinusoids are ap-
proximate eigenfunctions of the system. Can this thought be formulated in a mathematically
precise way? If yes, what is the optimum window given a (typically incomplete) a priori knowl-
edge about the system?

Illustrative Example: Nonstationary Wiener Filter. Consider a linear time—invariant system
with transfer function H(f). If the input signal is stationary white noise (with normalized variance)
then the output process y(t) is wide-sense stationary with power spectrum |H(f)|?. Assume, further-
more, that the output process is subject to additive white noise with spectral density 2. Then it is
well-known that the minimum-mean squared error estimator of a realization of y(t) given its noisy
version is also an LTI system whose transfer function is given by [355]:

[H()?

ED = 1mppE o

this concept is known as Wiener filter.

Now, when we switch to a nonstationary environment, and the time—varying transfer function were
a consistent generalization of its time—invariant counterpart then the time-varying transfer function
of the nonstationary Wiener filter would be given by

v |H(t )P

E(t, f) = HE P 402 (1.1)

The key questions associated with this concept are in the focus of the present work: (i) How can
one characterize nonstationary environments where (1.1) works in good approximation? (ii) Can one
realize the filter via efficient signal transforms?

1.4 Outline of this Thesis

In what follows we give an overview of the contents of the various chapters:

e The first chapter is devoted to the representation of nonstationary random processes via time—
frequency—parametrized second order statistics. We give a brief review of the optimal represen-
tation of stationary and nonstationary processes via the Fourier transform and the Karhunen—
Loeve transform. Particular emphasis is put on the fact that these transforms provide an eigen-
expansion of the correlation operators.

Then follows a critical review of the most prominent definitions of a time-varying power spec-
trum: The physical spectrum (expected spectrogram), the generalized Wigner—Ville spectrum
and Priestley’s evolutionary spectrum. We discuss the connection of the Wigner—Ville spectrum
and the generalized Weyl correspondence. The Wiener filter provides an excellent example for
pointing out the limited applicability of the time—frequency concepts.
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We study the expected ambiguity function as an original concept for the correlative representa-
tion of nonstationary random processes. We introduce a fundamental classification of random
processes (underspread/overspread). For underspread processes we show that the generalized
Wigner—Ville spectrum and the evolutionary spectrum lead to an essentially identical result.

In the second chapter we derive criteria for matching an STFT/Gabor window to the second
order statistic of a nonstationary random process. The basic idea is to try to combine time—
frequency—parametrization and correlation operator diagonalization by setting up off-diagonal
norms as the cost function for the window optimization. The matching criteria are formulated
in terms of the window’s ambiguity function and expected ambiguity function (EAF) of the
process.

For rectangular and elliptical shape of the EAF support we derive an approximate, low cost
matching rule that characterizes the optimum ratio of the temporal and the spectral moment of
a window with arbitrary shape. For elliptical shape of the EAF support, the Gaussian window
is shown to be optimal for the STFT. We furthermore prove that the physical spectrum with
matched analysis window establishes a complete second order statistic of an underspread process.
We briefly point out the natural extension to multiwindow methods for the representation of
underspread processes.

The third chapter is devoted to linear system theory. The concept of a time-varying transfer
function and a time—varying power spectrum are shown to be mathematically equivalent in so
far as in both concepts one maps a linear operator onto the time—frequency plane. In this sense,
the spreading function of an LTV system corresponds to the expected ambiguity function of a
nonstationary random process and the generalized Weyl symbol to the generalized Wigner—Ville
spectrum. We give a critical review of these system representations and we introduce a slightly
modified version of the classical underspread/overspread classification of LTV systems.

We study STFT-based system analysis and design. The window matching theory of the previous
chapter carries over to system theory. Specifically, we show that underspread systems can be
analyzed and realized via the short—time Fourier transform.

Finally, we study the practically important WSSUS class of stochastic time—varying systems
and derive criteria for optimum distortion free transmission pulses both considering single pulse
transmission and intersymbol interference in a time—frequency—division multiple access setup.
The mathematical structure is shown to be equivalent with the STFT/Gabor window matching
to a nonstationary process.

The Chapter 4 is written in a more mathematical style. It is shown that underspread operators
form an approximate commutative operator algebra and the generalized Weyl correspondence
establishes an approximate homomorphism (i.e., the generalized Weyl symbol of the product
operator is approximately equal to product of the symbols). For each of the presented theorems
we point out its relevance in signal processing applications.

Finally, in Chapter 5 the main results of this thesis are summarized and various future research
problems are pointed out.

Appendix A gives a very brief review of the basic facts of linear operator theory matched to the
scope of this thesis. In Appendices B and C we summarize the definition and property of the
generalized spreading function and the generalized Weyl symbol. In the Appendices D and E we
derive the minimum-variance unbiased estimator for the generalized Wigner—Ville spectrum of
an underspread process and the generalized Weyl symbol of an underspread system. Appendix F
summarizes the mathematical properties of various time-frequency signal representations used
in this work.



Chapter 2

Time—Frequency Representation and
Classification of Random Processes

This chapter starts with a brief review of the theoretically optimal representation of stationary and
nonstationary random processes via the Fourier transform and the Karhunen—Loeve transform, re-
spectively. Particular emphasis is put on the fundamental “diagonalizing” property of these trans-
forms. We discuss classical definitions of a time—varying power spectrum, Priestley’s evolutionary
spectrum and the generalized Wigner—Ville spectrum, and we point out their limited applicability. We
study the properties and relations of the expected ambiguity function (EAF). Based on the support of
the EAF, we introduce a fundamental classification (underspread/overspread) of nonstationary ran-
dom processes. For underspread processes it is shown that i) any of the considered definitions of
a time—varying spectrum leads to a two—dimensional lowpass function with the bandlimits given by
the mazimum temporal/spectral correlation width, and ii) Priestley’s evolutionary spectrum and the
generalized Wigner—Ville spectrum are essentially equivalent.

2.1 Stationary Environments and the Fourier Transform

The Fourier transform plays a fundamental role in the theory of signals and linear systems. This is
mainly due to the fact that it gives a diagonalization of translation—invariant operators. Such operators
appear either as a linear time-invariant (LTT) system or they correspond to the correlation kernel of
a wide—sense stationary process. In the first case the Fourier transform describes the action of an LTI
system H with kernel (impulse response) h(7) as frequency domain multiplication

(Hz) (1) = /h(t—f)x(f)df

(FHz) (f) = H(f)(Fr)(f), (2.1)

where H(f) = (Fh) (f) is the transfer function (frequency response) of the LTI system and F de-
notes the Fourier transform. More generally, the Fourier transform helps to treat abstract operator
calculus such as inversion or composition of LTI systems as simple, pointwise scalar operations of the
corresponding transfer functions.

In the case of a wide—sense stationary process x(t), with correlation kernel r(7) = E{z(t)x*(t—71)},
the Fourier transform leads to uncorrelated increments [268, 287, 85]:

E{d(Fz) (f)d(Fz)" (v)} = Sa(f)o(f — v)df dv, (2.2)
where S,.(f) denotes the power spectrum as defined by the Wiener—Khintchine relation:
Sz(f) = (Fr) (f). (2.3)
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This property forms the basic motivation of spectral analysis as a means for extracting the relevant
information from a realization of a stationary process. In the statistical context the usual terminology
says that the Fourier “basis” /2™t is doubly orthogonal, i.e., orthogonal in the deterministic sense of

/ejZWfteijﬂ'tht — 5(]0 o I/)7
t

and orthogonal in the stochastic sense according to (2.2).
The conceptual significance of operator diagonalization is well illustrated by the example of mini-
mum mean—squared error filtering.

2.1.1 TIllustrative Example: Wiener Filter

Consider the classical setup for statistically optimal linear filters: Given is a noisy observation y(t) of
a signal process x(t):

y(t) = x(t) + n(t),
where n(t) is a statistically independent noise process. The minimum mean-squared error filter (linear
estimator) is defined as [267, 326, 355, 199]

def : _ 2
Hyvse = al"gH}{lnE{“I Hy/|| }

Unique solution of this problem requires at least knowledge of the correlation operators of the signal
process and the noise, R, and R,,, respectively!. Then, the formal solution to this optimization
problem can be derived by the statistical orthogonality principle [267, 326, 355]. It requires addition,
multiplication and inversion of linear operators:

Hyuse = Re(Re +Ry) (2.4)

If both the signal and the noise are (wide—sense) stationary one is in the lucky situation that R, and
R, and in turn Hysyrgr have a common set of generalized eigensignals and the operator calculus of
(2.4) carries over to a scalar multiplication in terms of the eigenvalue distributions:

Hyvse(f) = %7 (2.5)

where Hyryvse(f) is the transfer function of the optimum filter (in the stationary case it is indeed an
LTI system), S, (f) is the power spectrum of the signal, and S, (f) is the power spectrum of the noise.
The linear operator formulation (2.4) remains valid for nonstationary processes with finite expected

energy, but then Hysyssp corresponds to a linear time-varying system. In the following section we
shall investigate this issue in more detail.

2.2 Nonstationary Environments and the KL Transform

In many applications the assumption of stationarity is well justified and the Fourier transform is at least
implicitly used for the signal and system analysis. However, in some of the classical applications and
particularly in current research areas such as mobile communication or waveform coding a stationarity
assumption can not be maintained without significant performance penalty.

!We define the correlation operator R, of a random process x(t) as the integral operator whose kernel is the correlation
function r.(t,s) = E{z(t)z"(s)}, i.e., one has

(Roy) (1) = / ralt, 3)y(s)ds.

s
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Nonstationary environments are characterized by time-varying operators with a general two-
dimensional kernel h(t, s). Background information about linear operators is summarized in Appendix
A, for the following discussion we presuppose familiarity with basic linear operator terminology.

For a square integrable kernel the associated operator is of Hilbert—Schmidt type. If we furthermore
assume a normal operator?, i. e., H*H = HH*3, then the following spectral decomposition holds (i.e.,
the sum always converges at least in the weak sense of quadratic forms, for more details see Appendix
A)?

hit,s) = i/\kuk(t)u;::(s)
k=1

H = 3 \P,.
k=1

where A is the (complex-valued) eigenvalue distribution and {u () }x=12, . is the orthonormal basis
of eigenfunctions,

() [ty (0t = b 2.7

t

and P, denotes the rank-one projection operator onto wuy(t):

def
(Puyx) (1) = (2, up) un(?). (2.8)
The eigenvalues can be formally written as a HS operator inner product:
\e = (H.P,,) / / h(t, )k (H)ug (s)dt ds. (2.9)
t s

For the sake of a compact notation we introduce the unitary operator & that maps an = € Ly(R)
onto a coefficient vector (x,u) € l2(Z) such that

[ee]

w(t) = 3 Uz) (B)ug(t),  with  (Uz) (k) = (2,u).
k=1

The discrete analogue to (2.1) is given by

(Hz) (1) = / h(t, s)z(s)ds
UH) (F) = e (th) (B).

Replacing the impulse response h(t,s) by a still square-integrable but now self-adjoint* correlation
kernel r, (¢, s) of a nonstationary, zero-mean random process we obtain the nonstationary analogue to
(2.2) [167]

E{(Uz) (k) Uz)* (1)} = MeOpi- (2.10)

2Practically important LTV systems such as, e.g., the mobile radio channel are usually not normal in the precise
mathematical sense. In Chapter 5 we shall however prove a theorem that determines the approrimate normality of
underspread LTV systems, i.e., systems with appropriately limited memory and limited velocity of the time—variation.
We define approximate normality in a HS sense meaning that there exists a normal LTV operator which deviates from
the given operator with small HS norm.

3H" denotes the adjoint operator defined by (H*)(t,s) = (H)"(s,t).

1A self-adjoint operator is defined by H = H*, it is normal with real-valued eigenvalues.
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Here, the unitary map U is well-known as Karhunen—Loeve transform [194, 225]. As a map of a
nonstationary process onto uncorrelated coefficients the Karhunen—Loeve transform is of fundamental
importance in statistical signal processing, specifically in the design of efficient source coding schemes
[4, 326, 183]. It is the consistent generalization of the Fourier transform as it is based on doubly
orthogonal basis signals (orthogonality in the deterministic sense of (2.7) and the stochastic sense
(2.10)).

2.2.1 Formal Derivations of the KLL Transform

The Karhunen-Loeve transform is matched to a normal Hilbert—Schmidt (HS) operator since it is
based on the specific eigenbasis of the operator. This matching aspect can be formalized by setting
up optimization criteria which lead to the KL transform as their optimum.

In this section we denote the KL transform by U, to stress its optimality while ¢/ denotes a
general unitary transform (mapping from L2(R) onto l2(Z)). We furthermore introduce a matrix
representation of the normal HS operator in the following form

déf (H’u;cl7 uk> .

Hy (kv kl)
Minimization of an Off-Diagonal Norm. As a diagonalizing transform one can formally derive
the Karhunen—Loeve transform by the minimization of an off-diagonal norm M, which is defined as:

My STST [ Hy(ky )P (1= Spe). (2.11)
k=1k"=1

It is straightforward to show that:

o0

My = [[H|[> = 3" [Hy(k, k)|
k=1

where the operator norm is the Hilbert—Schmidt norm (see p. 129). The optimization problem thus
amounts to maximizing the norm of the diagonal:

o = s i My = g s 3 i ) (2.12)

subject to the constraint that U be an orthogonal transform from Ly(R) onto l2(7Z).

Optimal Concentration of Coefficient Power Distribution. We mention the formal derivation
(2.11)—(2.12) for two reasons: i) it motivates the choice of the cost function in the subsequently
discussed window optimization theory, and ii) it shows that optimum diagonalization of a correlation
operator H = R, is equivalent with optimum power concentration in the distribution of the expansion
coefficients. Since one has an invariance of the sum of the diagonal entries (Hy (k,k) is real-valued
and positive since R, is positive self-adjoint per definition.):

Z Hy(k, k) = trH, for any choice of U, (2.13)
k=1

we could equally well derive the Karhunen—Loeve transform by merely optimizing a concentration
measure of the diagonal entries:

z/[opt = arg mLE}XZ {Hzl(kvk) - HL{(kak>} ) (214)
k=1



2.2 NONSTATIONARY ENVIRONMENTS; K. TRANSFORM 9

where we assume Hy(k,k) < 1, which assures Hy(k, k) > HZ(k,k) (Hy(k,k) < 1 is satisfied for the
usual assumption of a process with normalized expected energy trR, = 1). For H = R, the diagonal
entries of Hy(k, k') are the variance of the kth coefficient in the process representation,

(Raup, ur) = E{|(z,u)[* | = (Ro Puy)

In the representation of a nonstationary process the KL transform thus provides both uncorrelated
coefficients, i.e., optimum linear representation via x(t) — (Uoprz)(k) and optimally concentrated
power distribution of the coefficients, i.e., optimum quadratic representation in the sense of x(t) —

|(Uope) ().
2.2.2 Nonstationary Wiener Filter

Under the assumption of nonstationary signal and noise processes with identical Karhunen—Loeve
eigenbasis® one can formulate a KL based Wiener filter analog to (2.5):

\(MMSE) _ AS“”) B Ry, Py,)

= = . 2.15
T A RoiPu,) + (R Puy) (215)

The nonstationary Wiener filter is thus a linear time—varying system with impulse response

harnse(tys) = S AMM I (byui (s),
k=1

and input—output relation as follows:

(Farsrsen)®) = [ Raonsn(t (s)ds = 32 (g ) o).
] k=1

2.2.3 Practical Limitations of the KL Transform

From a strictly mathematical point of view, the Karhunen-Loeve transform (and its system theoretic
pendant) is the ultimate tool for nonstationary environments. However, in practical engineering exact
eigenexpansions are of restricted applicability due to the following reasons:

e Most often the starting point is an incomplete a priori knowledge of an underlying kernel. Instead
of solving a usual eigenproblem one has to encounter the conceptually difficult task of matching a
signal transform to the a priori knowledge at hand. Prominent examples for such an incomplete
a priori knowledge include the scattering function of a stochastic time-varying channel or a
quasistationarity condition for a random waveform.

e Even if one assumes exact knowledge of a correlation kernel or of a system’s impulse response,
the eigensignals in general are not equipped with a specific mathematical structure that leads
to fast implementations. In practice, one thus uses more or less coarse approximations to the
Karhunen—Loeve transform that allow efficient computation.

e When important “natural” signals like speech or music are analyzed by a human observer, ease
of interpretation is more important than mathematical optimality. An intuitive interpretation of
the transform domain parametrization is given by the notion of a time—varying signal spectrum.
Using the general Karhunen—Loeve transform we have no justification to apply any physical
interpretation to the transform domain index k.

% Although this is a severe constraint it is satisfied in the practically important case of stationary white noise. (The
correlation operator of stationary white noise is the identity operator which trivially assures the required assumption of
identical KL eigenbases of the signal and noise processes.)
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2.3 Time—Varying Power Spectra

Notwithstanding the practical limitations of the KL transform we emphasize that the KL transform
as a diagonalizing transform of time-variant operators is in unique correspondence to the Fourier
transform as the diagonalizing transform of time—invariant operators. This abstract correspondence
gets physical life by “slowing down” the time—variations of an operator; one can show that the KL
basis signals then converge to the Fourier “basis” e~727/¢ [287, 353]. Hence it is a classical idea to
extend the powerful concept of the Fourier transform from strictly stationary environments to “slowly”
nonstationary environments. Since this is no precise mathematical problem, researchers in statistics
and signal processing suggested various different definitions of a time—varying power spectrum. In the
following sections we give a brief review of the most important definitions.

2.3.1 The Physical Spectrum
The short—time Fourier transform (STFT)
STFT(t, f) = et /LL‘(S)’Y*(S —t)e I s,

is a linear time—frequency representation of a signal x(¢). The STFT depends on the analysis window
~(t). (The properties of the STFT are discussed in Appendix F.)

Perhaps the most natural way to define a time—varying power spectrum is via the expectation of
the spectrogram, the magnitude-squared STFT:

ESPECO)(t, f) = {‘STFT (t, f)‘} (2.16)

The so—defined spectrum has been originally introduced as physical spectrum [230]. The most obvious
disadvantage of this definition is its window dependence, i.e., different windows may lead to quite
different spectra.

Stationary Process and Nonstationary White Noise. For a stationary process with time—
invariant power spectrum S, (f) the physical spectrum can be shown to be time-invariant and its
frequency characteristic is given by a smoothed version of the true power spectrum:

ESPECY)(t, f) = Su(f) * [T (= 1), (2.17)

in the dual case of nonstationary white noise with correlation r, (¢, s) = m,(t)d(t — s), we have a dual
result:

ESPECY)(t, f) = ma(t) = |y (=) (2.18)

Operator Theoretic Formulation. For later use we introduce a more abstract, formal definition
of the physical spectrum as a HS operator inner product

ESPEC)(t,f) = E{STFT{(t, /)STFT{*(t, )}
- {/ [ w01 a1t = 17" = ) 0 dtz}

= [ [ttt =ty (= e 0 aty arg

t1 to

= (R, P{), (2.19)
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where R, is the above introduced correlation operator, P, is the rank-one projection onto 7, and
time—frequency shifting of operators is defined as:

ptf)  def M,;T;PT_M_; = M;T,P (M;T,) ' (2.20)

0

(PED) (tita) = (P)(tr = t,1y — t)er2 (0=t (2.21)
Here, My is the frequency—shift (modulation) operator defined by
(Ma)(t) < a()e™ ",

and T; denotes the time—shift operator defined by

(T2)(s) & z(s—1).

Observe the formal equivalence of (2.19) with the previously introduced expression for KL eigen-
values:

A = (R, Py, ).

We shall make use of this abstract correspondence later on for the statistically matched window design.

Definition (2.20) will often be used in this work and we urge the reader to become familiar with
its meaning: When P is a time—frequency-localization operator which selects signals centered about
the origin of the time—frequency plane, then P(*/) is unitarily equivalent and selects signals centered
about (t, f)S.

Relation to KL Transform. It is helpful to view the expected spectrogram as a distribution of the
KL eigenvalues over the time—frequency plane. This is supported in a global way by the fact that

//ESPEC (t, f)dt df = Z/\kztrR (2.22)
tr k=1

Proof: Our proof is based on the fundamental fact that the integral over time—frequency shifted
operators gives the identity times the trace of the shifted operator:

//P(t’f)dt df = tr {P} L (2.23)
7

This formula is immediately obtained by integrating over the kernel of P(:/) (¢f.(2.21)) or via the
trace formula of the Weyl correspondence (cf. (C.14)) Now, the proof of (2.22) is straightforward:

()
t/ f/ ESPECO)(t, f)dt df / / R, P dt df

_ <Rx,//P£f’f)dtdf>

= (Rq,tr{P,} 1)
= //7“,; tl,tg tl —tg)dtl dtg

t1 to

= trR,.

A more conventional, special case of (2.20) is the frequency shifting of a lowpass filter H with transfer function H(f).
The transfer function of the frequency—shifted version H(®") is given by

HOO () = H(f =),

i.e., the shifted lowpass filter gets to a bandpass filter with center frequency v.
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We still have to check whether the KL eigenvalues are distributed in a locally meaningful way. One
has:

ESPECO)(t,f) = > MSPEC{)(t, f). (2.24)
k=1

This would be useful only for essentially non—overlapping spectrograms S’PECQ(LZ) (t, f), such that each
KL eigenvalue would correspond to a different “Weyl-Heisenberg cell’”. But orthonormal signals
may have totally overlapping spectrograms such that different eigenvalues would be superposed over
the very same time—frequency—localization which ruins the idea of a meaningful time-varying power
spectrum. At this point we do not further elaborate this issue (this is the topic of the following
chapter) rather we continue with our review of prominent time—varying power spectra.

2.3.2 The Generalized Wigner—Ville Spectrum

The theoretically unsatisfactory window—dependence of the spectrogram has led researchers to define
time—varying power spectra directly in the quadratic domain without any underlying linear process
representation.

The temporal correlation in its “kernel” form

r.(t,s) = E{z(t)z*(s)}

does not appropriately reflect the absolute time—variations of a process’ second order statistics (the
degree of nonstationarity). Hence, it is often useful to switch to an absolute time/time lag (¢, 7) form.
However, such a map is not unique, a general form is given by

Pt r) E o, (“ (é ‘“) Tt (% +°‘> )

where « is a real-valued parameter. The natural members of this family are the symmetrical version

PO(t,7) = ru(t +7/2,t — 7/2), (2.25)

and the asymmetrical versions
P = (it —T), (2.26)
PV (1) = oyt 1). (2.27)

For a stationary process, fg(ga) (t,7) gets a—invariant and depends only on the lag variable:
PO (t,7) = (7). (2.28)
Now, one can write the Wiener—Khintchine relation for stationary processes formally as
Se(f) = Froypil®d(t,7) for ro(t,s) = Fp(t — 5)
such that it is near at hand to define a time—varying power spectrum by
EW(t, f) = Frospti(t,7),

which is known as generalized Wigner—Ville spectrum [121]. For o = 0 we have specifically the
Wigner-Ville spectrum (expected Wigner distribution) and for a = 1/2 we have the Rihaczek spectrum
(expected Rihaczek distribution).

"For the simplicity of the discussion we do not admit identical eigenvalues since they lead to nonunique eigensignals.
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The consistency with the usual power spectrum of stationary processes follows immediately from
(2.28):

EW (L, f) Sa(f)

=4

re(t,s) = T.(t—s).

In the dual case of nonstationary white noise the generalized Wigner—Ville spectrum is again
a—invariant and leads to the natural result

EW (1 f) = malt)
)
ry(t,s) = mg(t)o(t —s).
Operator Formulation. Similar to the physical spectrum (see (2.19)) we can define the generalized

Wigner—Ville spectrum Enga) (t, f) by a formal operator inner product®

EW (1, f) = (Ry, PO (), (2.29)

where the prototype operator is defined by

(P@o’fo)(a)) ts) ¥ <<% + a) t+ G — a> 5 — t0> eI 2mfolt=s), (2.30)

This operator is indeed the infinitesimal building block underlying a time—frequency—parametrized
expansion of the correlation operator,

R, = [ [ EWE) PO (@) de .
tf
we call such an operator decomposition a continuous Weyl-Heisenberg expansion of R,.
The prototype operator P(*:/) () is trace-normalized:

trP(a) =1,

which, by virtue of (2.23), shows that the KL eigenvalues are distributed over the time—frequency
plane in a globally correct way (a well-known fact [121]):

//Enga)(t,f)dt df = i Ak = trR,. (2.31)
tf k=1

However, a point—wise interpretation is in obvious conflict with Heisenberg’s uncertainty principle,
which in a statistical formulation says that there can not exist ideally time—frequency concentrated
processes”.

Yet, it is interesting to study the infinitesimal prototypes for the most prominent choices of a:

8In contrast to the inner product formulation of the physical spectrum, this inner product is no well-defined HS
operator inner product, since P is definitely not HS. A mathematically rigorous development would require the use of
linear functionals and the associated concept of dual topological vector spaces. However, such a rigorous treatment is
beyond the scope of this work, and it blurs the interrelation between various classical definitions of a power spectrum.

9An optimally time—frequency concentrated process is obviously given by a Gaussian signal v(t) with random am-
plitude. For normalized variance the correlation operator of this ideally localized process is just the above introduced
rank—one projection operator P,. This point of view leads back to the physical spectrum. However, the physical spec-
trum is a nonunitary representation of the correlation operator which means in particular that we do not have validity
of a continuous Weyl-Heisenberg expansion in the form of:

!
R. # / / ESPECO (¢, /)PP dt df.
t f
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e For a =1/2, P(f0.fo) is ideally frequency selective and the output is ideally temporally localized:

(PUof0)) () = 3(t — to) X (fo)eF2 /0%,

e For « = —1/2, we have the dual behavior: ideal frequency concentration on the range and ideal
temporal selectivity on the domain:

(P(toafo)x> (t) = ei2m oty (ty) e~ 32w foto,

e For the specific case a« = 0 the prototype operator acts in a totally symmetric way as a “time—
frequency point mirror”:

(P(to,fo)x) (t) = 22(2t— t)ej27r2fo(z‘,—z‘,0)7
(]_—P(to,fo)x) (f) = 2X(2fy — f)ei22to(fo=1),

From this operator decomposition point of view it may be expected that the generalized Wigner—Ville
spectrum of a general nonstationary process does not lead to a practically useful representation.

Relation to the Weyl Symbol and the Wigner Distribution. The generalized Wigner—Ville
spectrum is the generalized Weyl symbol of the correlation operator

Lt f) = EW@(t, f),

the generalized Weyl symbol will be specifically studied in Chapter 4, it can be interpreted as a
time-varying transfer function of a linear time-varying system (the properties and relations of the
generalized Weyl correspondence are summarized in Appendix B,C).

The generalized Wigner—Ville spectrum is the expectation of the generalized Wigner distribution
(see (F.11))

EW(t, f) = B{W (. f)} .

Based on the KL expansion of R, the generalized Wigner—Ville spectrum can be written as a KL
eigenvalue weighted sum of the generalized Wigner distribution of the KL eigensignals:

WOt ) = 3 MW 1, f).
k=1

Hence, we argue that the process representation via Enga) (t, f) is useful only in that cases where the
KL eigensignals (corresponding to different eigenvalues) are non-overlapping in their essential support.
Then, the generalized Wigner—Ville spectrum does indeed give a reliable power distribution over the
time—frequency plane, one has:

e = B{ |, u)*} = (BW), W) (2.32)

When the KL eigensignal ug(t) is localized at (tg, fo) then the range of the Wigner—Ville spectrum
about that very location reflects the power of the process. In the converse case of KL eigensignals
with overlapping Wigner distributions (2.32) remains valid but EW,(¢, f) will generically show an
oscillatory behavior, different KL eigenvalues are superimposed over the same time—frequency location
and the range of EW,(t, f) does not allow to say anything about the power of the process about some
time—frequency localization. Later on in this work we shall see that this problem is related to the
underspread /overspread classification of nonstationary processes.

Interrelation to Physical Spectrum. The physical spectrum is a smoothed version of the gener-
alized Wigner—Ville spectrum [230] (xx denotes 2D convolution),

ESPECO(t, f) = EW() (1, f) % « WL (—t,— f), (2.33)
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where the smoothing kernel is the generalized Wigner distribution of the window. This relation shows
in an obvious way how the choice of the window blurs the spectral and temporal characteristic of a
nonstationary process. In contrast to the physical spectrum which is based on a noninvertible map
from R, onto the time—frequency plane, the generalized Wigner—Ville spectrum is a unique second
order statistic of a nonstationary process (for the map EW;ﬁa)(t, f) = ra(t,s) see (C.2)).

2.3.3 The Evolutionary Spectrum

The evolutionary spectrum is a classical definition of a time-varying power spectrum introduced by
Priestley [286]. Priestley’s definition relies on the idea of a doubly orthogonal process expansion.
Instead of a detailed review of the original motivation (the interested reader is referred to the work of
Priestley [286, 287] and to experimental and theoretical comparisons with the generalized Wigner—Ville
spectrum [149, 138, 121, 236, 237]) we motivate Priestley’s definition via the time-varying transfer
function of the innovations system. This approach is particularly matched to the context of this work.

Any nonstationary process can be viewed as the output of a linear time—varying system, the so-
called innovations system H excited by stationary white noise [268]. The correlation operator of the
process is then given by:

R, = HH*, (2.34)

i.e., in terms of the kernels:
rr(tv 3) = /h(tv T)h* (37 7”) dr,

where the input—output relation of the LTV system is defined by

(Hz) (t) = / h(t, s)z(s)ds.

Eq.(2.34) shows that the innovations system is not uniquely defined since based on an arbitrary unitary
operator U (with UU* =1T) one can take an alternative innovations filter G = HU such that

GG*=HUU'H" = HH".

For stationary processes the innovations representation can be easily formulated in the frequency
domain:

Sa(f) = |H(H)I, (2.35)

where S,(f) is the power spectrum of the process and H(f) is the transfer function of the time—
invariant innovations system

In order to define a straightforward time—varying generalization of (2.35) we need a time—varying
generalization of the LTT system’s transfer function H(f). When we consider Zadeh’s time-varying
transfer function

Zult, f) = /h(t,t e

as the time-varying generalization of the time-invariant transfer function H(f), then we can axiomat-
ically define the evolutionary spectrum as the time—varying generalization of (2.35)

BS,(t, ) | Zzut, )7

For a stationary process the evolutionary spectrum is consistent with the usual power spectrum,

)

re(t,s) = Fo(t—s).

(2.36)
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For nonstationary white noise it leads to the theoretically expected result just as the Wigner—Ville
spectrum:

ES(t, f) = ma(t)

0
rif(t? S) = mr(t)(s(t - S).

However, for a general nonstationary process Priestley’s spectrum is not unique since the innovations
system is not unique.

Operator Theoretic Definition. Zadeh’s time—varying transfer function is equivalent to the gener-
alized Weyl symbol with o = 1/2 (we shall discuss the concept of a time—varying transfer function of
an LTV system in more detail in Chapter 4). It is the theory of the generalized Weyl correspondence
which connects Priestley’s definition with the generalized Wigner—Ville spectrum.

In order to give a compact operator formulation of the evolutionary spectrum we formally define
a (non—unique) operator square-root by:

H Y /R, — R, — HH".

With this notational convention we can write the evolutionary spectrum as a magnitude-squared
operator inner product:

; (2.37)

BS,(t, f) © K\/_x,Ptf 1/2>

where P(1/2) denotes a prototype operator as defined in (2.30) with « = 1/2. From this point of
view, it is natural to define a generalized evolutionary spectrum [237] in terms of the a—dependent
prototype operator which underlies the generalized Weyl symbol:

BS@ (¢, f) X ‘Lr (t, f) ‘ K\/_E,Ptf >‘ (2.38)

Hence, compared to the Wigner—Ville spectrum

t,f) = Lr,(t. f) = (Ra, PO (@)

the evolutionary spectrum is always real-valued and positive but it does not give a unique second-
order statistic of a general nonstationary process since the map R, — ES.(t, f) is not invertible. Note,
moreover, that if the generalized Weyl symbol would satisfy the so—called “perfect symbol calculus”
then the evolutionary spectrum and the Wigner—Ville spectrum would be equivalent:

I

L f) = L nL§le ) 2L e |

=

(2.39)

?

St f) Wi (t, f).

2.3.4 Applicability to Nonstationary Wiener Filtering

None of the previously discussed definitions of a time-varying power spectrum satisfies a useful local
property that would justify its application. As an illustration for this fact we again consider the
Wiener filter: if a time—varying transfer function H (¢, f) and a time—varying signal spectrum E(¢, f)
were consistent generalizations of the corresponding time-invariant entities (the transfer function
of an LTI system and the power spectrum of a stationary process) then one would have a unique
representation of the nonstationary Wiener filter (corresponding to (2.4)):

Ey(t, f)

Hymse(t f) = E.(t, )+ En(t, f)

(2.40)
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Without even specifically considering the prominent examples for H (¢, f) (Zadeh’s function, Weyl sym-
bol) and E,(t, f) (Physical spectrum, Evolutionary spectrum, generalized Wigner—Ville spectrum) we
know that (2.40) can never work in general simply because there does not exist a unique diagonalizing
linear transform for a time—varying operator. Moreover we guess that it is even very hard to find one
specific (nondegenerate) example where (2.40) works ezactly. As one of the main results of Chapter
5 we give precise conditions under which (2.40) works in an approximate sense, i.e., the validity of
an approximate symbol calculus. Note, moreover, that validity of an approximate symbol calculus
also implies the approximate equivalence of the Wigner—Ville spectrum and the evolutionary spectrum
(see (2.39)). Hence, without detailed theoretical investigations we can already expect that for those
processes where the notion of a time—varying power spectrum makes sense such a power spectrum
must be essentially definition independent.

2.4 The Expected Ambiguity Function

The (radar) ambiguity function of a signal (),

Ay(r,v) / 2Bt (t — 7)e 12 gy,
t

can be interpreted as deterministic time—frequency correlation function (see Appendix F, Section
F.0.4). A stochastic time—frequency correlation function of a nonstationary process can be defined as
the expected ambiguity function (EAF)[211]:

EA(r,v) % B{A,(r0)} = / ro(t,t — T)e ™32 dp. (2.41)
t

The so defined EAF is mathematically equivalent to the asymmetrical spreading function (delay
Doppler spread function) of the correlation operator (see (B.8)):

Sk, (1,v) = EA,(1,0). (2.42)

The mathematical properties of the spreading function as a unitary operator representation are dis-
cussed in Appendix B, p. 134. The correspondence (2.42) gets physical life if we think of the process
x(t) as the output signal of an LTV system H driven by stationary white noise. Then, since R,, = H*H,
the spreading function of the composite system is the EAF of x(¢).

The EAF EA,(7,v) is in one—to—one correspondence with the usual correlation function,

re(t,s) = /EAx(t — s,v)e! 7™y, (2.43)

and gives an alternative viewpoint of the second order statistic of a process.

2.4.1 Heuristic Derivation Based on STFT Correlation.

Applying an expectation operator to the ambiguity function of a nonstationary process is certainly
not a very convincing way of introducing a useful concept. However, as it will turn out in the following
discussion it is not so easy to come up with a useful point—wise interpretation of the EAF. Yet we can
promise to develop formulas for later use in this work. We start with the question: How to define a
time—frequency correlation function of a nonstationary process?

In order to find an answer, recall the well established concepts of a temporal and spectral correlation
function. The temporal correlation function is defined as

re(t,s) = E{a(t)z™(s)},
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which degenerates to a one—dimensional function in the case of wide—sense stationarity, r,(t,s) =
7(t — s). Whereas, the spectral correlation function is defined as

Ba(f,v) = EAX (/)X ()},

which degenerates to a one—dimensional function in the case of nonstationary white noise, which is
the “spectrally stationary” process, in Fourier dualism to the wide—sense stationarity in the usual
(temporal) sense.

In order to combine these concepts in the sense of a time—frequency correlation function we need
a linear time—frequency signal representation. The only linear time—frequency representation is the
short—time Fourier transform (STFT) (see Appendix F, Section F.0.1),

STFTO (1, f) / () (¢ — t)e 9270 gyt

t’
and its correlation is defined as:

def

Rt 1, ) S B{STFTO (1, f)STFTO (¢, ')} (2.44)

The so—defined STFT correlation is a linear function of the correlation of x(t):

Gt £t f) //rr t,ta)y(ta — )y (8 — t)e T2 gy, qt,. (2.45)

t1 to

However, a more illuminating form is obtained by introducing both the EAF of the process and the
ambiguity function of the window. When we insert (2.43) and (F.17) in the expression of the STFT
correlation (2.45) we have

R (t. f. 8, f ////EA by v1) Ay (ty — 1 — 11+ 1,1)
t1 ta V1 V2
_6j27r[u2(t2 _t,)+ylt1_ft1+f,t2]dt1 dtz dl/1 dl/g.
Using the substitution ¢; — ts = 7 and % = 7' the four-dimensional integral collapses to a two—
dimensional integral and one arrives at (for notational convenience we now replace t' by ¢t — 7 and f’

by f—v):

TFT(t fit—71,f—v) //EA T VYA (T =T v =) T2 (V' =) (t=T)+( =TT g gy
R (2.46)

This relation implies a remarkable upper bound on the magnitude of the STFT correlation:
[RG(ts £t =7, f = v)] < [BAL(7,0)] % |44 (7,v), (2.47)

i.e., this bound is “time—frequency stationary” in the sense that it depends only on the time lag 7
and the frequency lag v. Hence, we have the intuitively appealing picture that the STFT correlation
is bounded by the inherent time—frequency correlation of the process as determined by |EA,(T,v)|,
smoothed by the time-frequency correlation of the window as expressed by |A,(7,v)].

STFT—Correlation for Stationary White Noise. Stationary white noise with correlation function
r(t,s) = §(t — s) is the unique “time-frequency-stationary” process. The EAF of stationary white
noise is ideally concentrated in the origin:

EA,(r,v) =d(1)d(v).
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Here, the magnitude of the STFT correlation depends only on the time—frequency lag variables 7, v
and is given by the magnitude of the ambiguity function of the window:

2
[RGr(t fot =7 f = w)| = Ay (r )2 (2.48)

Formal Deconvolution. Now, we have two fundamental problems: (i) The time-frequency correla-
tion is obviously four—dimensional except for the case of white noise which is the only time—frequency
stationary process, and (ii) the correlation depends on the choice of a window since there does not
exist a window—-independent linear time—frequency signal representation. This is where the rigorously
inductive method ends and we have to switch to a heuristic reasoning.

As a formal way out of this twofold dilemma we start with the (idealized) assumption of the
nonexisting window with ideally concentrated ambiguity function (denoted by 40)

Ass(1,v) = 0(1)d(v).

Formally inserting this (idealized) ambiguity function in the STFT correlation formula (2.46) leads
to a two-dimensional quadratic correlation function that determines the magnitude of the STFT
correlation:

|RES(t, fot [P = [BAL(t =t f — )]

That is, by the formal trick of an idealized window we have found a way out of both sides of our
dilemma: (i) Our so defined time-frequency correlation function depends merely on the second order
statistic of the process and (ii) it is two—dimensional because the magnitude of the correlation of the
idealized STFT depends only on the lag variables. Alternatively, one may view this derivation as the
formal deconvolution of the upper bound (2.47)'°:

[BG(t £t = o f = 0)| < 1BAL(r)] 514, (7,0)]

We finally note that this heuristic reasoning suggests that it is the (squared) magnitude of EA, (7, )
which will be of practical interest, an observation that turns out to be particularly true as far as the
results of this thesis are concerned. Of course, to have a unique second order statistic of a nonstationary
process also requires knowledge of the phase of EA,(7,v) (it is the absolute time—frequency localization
of the process that is “encoded” in the phase). Moreover, in the course of this chapter we shall consider
a whole family of alternative definitions of a time—frequency correlation function that — fortunately
— have equal magnitude and differ only in the phase.

2.4.2 Local Interpretation

In a non-point-wise manner one can interpret the EAF via a pair of (now realistically) well time—
frequency localized signals. The deterministic ambiguity function satisfies the fundamental property
(see (F.22))

(Az, Ang) = (w,h)(z,9)",
which leads to a corresponding property of the EAF:

(EAz, Apg) =E{(z,h)(z,9)"}. (2.49)

This provides a useful (local) interpretation when we assume that the basis signals g(¢) and h(t)
are well time—frequency localized and centered at different spots of the time—frequency plane. We

10This formal deconvolution is similar to the heuristic interpretation of the Wigner distribution as a spectrogram with
the (nonexisting) window that has an ideally concentrated Wigner distribution W, (¢, f) = §(¢)d(f), since the spectrogram
can be written as

SPECS(t, f) = Walt, f) * * Wy (—t, — ).
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furthermore presuppose that the distance between these locations is large enough such that the cross
ambiguity function Ay 4(7,v) is concentrated about a certain point (79,7p) that is far away from the
origin. Then (2.49) allows to conclude that whenever EA,(7,v) is concentrated about the origin then
the coefficients (x, h) and (x, g) are uncorrelated since FA,(r,v) and A, ,(7,v) do not overlap in their
essential supports. Figure 2.1 shows a schematic sketch of this situation.

With regard to the converse statement one has to be careful: Given an “overspread” process with
large spread of FA,(r,v) such that EA,(7,v) and A}, 4(7,v) overlap, the two coefficients (x,h) and
(x, g) may still be uncorrelated as both functions are typically highly oscillating and the inner product
may still vanish'!.

In conclusion, we can say that the magnitude of the EAF allows to estimate the potential correlation
between different locations of the time—frequency plane only in the form of an upper bound. With
other words, the EAF predicts stochastic orthogonality but it does not allow to predict correlation.
Note that this is fundamentally different from the characterization of stationary processes via the
one—dimensional temporal correlation that allows to predict correlation in a precise sense.

fA V A
@D
A ,
/’\ : h’g(r V)
/ TIO B
. T EAL ()
(a) (b)

Figure 2.1: On the interpretation of the EAF: (a) Time-frequency localization of h and ¢, (b) essential
support of EA,(7,v) and Ay, 4(7,v)

2.4.3 Spectral Decomposition and Related Properties

Based upon the process’ KL expansion one can write the EAF as a KL eigenvalue-weighted sum of
the deterministic ambiguity functions of the KL eigensignals:

EA,(r,v) = i A Ay, (T,1). (2.50)
k=1

This shows that when all KL eigensignals uj(t) are well time—frequency concentrated then EA,(T,v)
will be well concentrated about the origin of the (7, r)-plane. Here, again, the converse statement is
generally not true.

The EAF takes on its maximum magnitude in the origin (as may be postulated for a correlation
function). This maximum is real-valued and equal to the trace of the correlation kernel (sum of the
Karhunen-Loeve eigenvalues \; which is equal to the process’ expected energy):

FA,(0,0) = /rw(t,t)dt =S = iR, > |EAL(7,0). (2.51)

1T ater on in this chapter, we shall define “overspread” processes in a precise manner.
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The total integral of the squared magnitude of the EAF is equal to the squared Hilbert—Schmidt
norm of the correlation operator:

// EA,(r.0)2drdy = 3 A2 = R (2.52)
T v k=1

2.4.4 Symmetry

The magnitude of the EAF is symmetric w.r.t. the origin:
|EA,(T,v)| = |EAL(—T,—V)|. (2.53)
For a real-valued process, |E A, (7,v)| is furthermore symmetric w.r.t. the v—axis:
|EA,(1,v)| = |EAL (T, —v)|, for z(t) e R (2.54)
2.4.5 EAF of Important Processes
Wide—Sense Stationary Process. For a (wide—sense) stationary process with correlation function
re(t,s) = 7. (t — s),
the EAF is ideally concentrated on the 7—axis
EA,(r,v) =7 (1)d(v).
This indicates that different spectral components are uncorrelated.
Nonstationary White Noise. In the dual case of nonstationary white noise with correlation function
re(t,s) = mg(t)o(t — s),
the EAF is ideally concentrated on the v—axis:
EA,(1,v) = 0(7)M,(v).

Here, M, (v) denotes the Fourier transform of m,(t)

M, (v) = / g (£)e 2.

Cyclostationary Process. A cyclostationary process is characterized by
re(t,s) =ry(t + 1T, s+ kT),

where k& € Z and T is the period [137]. The EAF is ideally concentrated on equally spaced lines
parallel to the 7—axis (for an illustration see Fig. 2.2):

Bdu(r) = S ) (v-7).

where py(7) are usually defined Fourier coefficients [137] :

T
1 .
prlr) = = / ro(tt — r)e 12T LGy,
0
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Tapped Delay Line Process. The Fourier dual of the cyclostationary process is given by the output

of a tapped delay line defined as
N

2(t) = 3 awy(t — ),

n=1

driven by nonstationary white noise with correlation
ry(t,s) =m(t)o(t —s).
The EAF is ideally concentrated on lines parallel to the 7—axis:
N-1
EA,(r,v) = Z pr(v)6(Tr — ET).
k=—N+1

The Fourier coefficients py(v) are determined by the tap weights a; as follows (M (v) is the Fourier
transform of m(t)):

Lk|
N-%

*
Z Atk /20— /2
1=l

e I2mV[I+k/2T o1 | even,

k41
N 2

Y (k1) /20] gy apa €I OERPIT for k odd.

_kl+1
==

Processes with Finite Temporal Correlation Width. A process with finite temporal correlation
width is characterized by a finite 7—support of

f:r(tv T) = rw(tat - T)'
We denote the correlation width by 79. We characterize the finite support by
fir(ta T) = fir(ta T) X[*To,To](T)?

where X[_r, 71(7) denotes the indicator function of the interval [—79, 79].

A zero—mean, normal process with finite correlation width is a special case of a so—called a-
dependent process (with a = 7g), which is defined by requiring statistical independence of the random
variables x(t1) and xz(t3) whenever |t — t2| > a [267, p.302].

Finite correlation width means in particular that two windowed versions of z(t), defined as

wi(t) = 2(t) xj—r7(t —t1),
wo(t) = z(t) X1t — t2),

are uncorrelated whenever the windows cover two separate intervals with the gap greater than 7y:
E{wi(t)ws(s)} =0 for |t —s| — 2T > 7.
The finite correlation width is reflected in the 7—support of the EAF:
EA,(1,v) = BAL(T,V) X[—79,70] (T) (2.55)

since one has
EA,(1,v) = Fisurz(t, 7).
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Processes with Finite Spectral Correlation Width. The Fourier dual of the finite correlation
width process may be defined by a finite spectral correlation width. The spectral correlation is defined
as

By(f. ') = E{X(HX"(f)},
finite spectral correlation width can thus be characterized by:
Bo(f, f —v) = Balfs [ = V)X[=uo,00) (V)-
The EAF can be written as:
EA(r.v) = [ Bulf. £ =) 0=0rgy,
f

such that one has finite v—support (dual to (2.55))
EAy(1,v) = EAz(T,V) X[=vp,00] (V)
However, when we recall the definition of the EAF
EA,(r,v) = Fioyia(t, T),

we have the fact that finite spectral correlation width is equivalent to the requirement that r,(¢,t —7)
be a lowpass function of .

Quasistationary Process. Quasistationary processes are often only vaguely defined by requiring
slow time—variation. This can be made precise by the above discussed finite spectral correlation width.
However, in the context of this work it is remarkable how Papoulis defines quasistationarity [267,
p. 302]: A process with finite temporal correlation width Ty is quasistationary whenever the following
approzimation holds:

Fe(t, T) = 7o (t + At, T) for At < 7. (2.56)

We now show that a (finite expected energy) process with appropriately limited product of temporal
and spectral correlation width is quasistationary in the sense of Papoulis.
First, we reformulate the requirement (2.56) by selecting a small constant e:

|Fe(t + At, ) — 7 (t,7)| < € for At < 7. (2.57)

Hence, we have to show that to any given e we can find constants 7y (temporal correlation width) and
vy (spectral correlation width) such that (2.57) holds true.
Bernstein’s inequality for bandlimited functions [267, p. 144] allows to conclude that

‘ O (t, 7)
ot

< 27y m?x|77m(t,7')| . (2.58)

Based on (2.51) we have

vo
it 7)| < / \EA, (7, v)| dv < 20ptrR,,
.

such that we have a bound in terms of the expected energy trR,:

o7 (t,
‘% < 47r1/02trRm.
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With the mean—value theorem of differential calculus we have:
|70 (t 4+ AL, T) — 70 (2, 7)| < dm3trR,| AL (2.59)

Hence, we can easily compute the condition

€
VT <4/ )
YoviTo 4mtrR,

which finishes our proof. We have thus shown that a process with properly limited product of temporal
and spectral correlation width is quasistationary in the sense of Papoulis.

Locally Stationary Process. A locally stationary process has been precisely defined in [329] via a
separable correlation function of the form:

rz(t,s) =m (t—;g) r(t—s).

The magnitude of the EAF is given by:
|EAg (T, v)| = |r(T)M(v)],

which shows that whenever i) m(t) is bandlimited

and ii) r(7) has compact support
(1) = r(7) X[=rp,70](T),

then the EAF support is restricted to a centered rectangular domain,
EAQ:(T7 V) =FEA, (Tv V) X[—70,70] (T> X[—vo,vo] (V)

Uniformly Modulated Process. A uniformly modulated process is a nonstationary random process
x(t) that has been defined by Priestley [287] as the product of a stationary, zero-mean random process
xs(t) and a modulation function m(t):

x(t) = m(t)xs(t).

(Priestley furthermore requires a modulation function with m(0) = 1 and |(F;— ym)(0)| > [(Fees pm) (f)],
which is satisfied for a usual window function.) The autocorrelation function of such a process is given
by:

re(t,s) = m(t)m*(s)rs(t — s), with rs(t —s) = E{z(t)z5(s)}.

The EAF is given by the product of the correlation function of the stationary process x4(t) and the
ambiguity function of the modulation function m(t),

EA,(1,v) =rs(1)An(T,v).

Whenever (i) the modulation function is strictly lowpass and (ii) the correlation of the stationary
process has finite support, we can conclude that the EAF lies inside a rectangle about the origin of
the (7,v)—plane.

Figure 2.2 shows the support of the time—frequency correlation function for the above considered
processes.
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(a) (b) ()

VA VA VA

(d) (e) () B

Figure 2.2: Support of the EAF for important classes of processes: (a) Stationary process, (b) nonsta-
tionary white process, (¢) stationary white process, (d) locally stationary process, (e) ”tapped delay
line” process, (f) cyclostationary process.

2.4.6 Generalized EAF

In order to relate the EAF to the generalized Wigner—Ville spectrum we now switch to the generalized
EAF, defined as the expectation of the generalized ambiguity function (the stochastic pendant to
(F.19))

def

EAgf‘) (r,v) = E{Ag‘”)(ﬂ v)} = /Tx (t + <1 — a) T, t— (l + a) 7') e 12TVt
2 2
t (2.60)

the previously discussed EAF in particular is obtained by setting o = 1/2. The mutual interrelation
of the generalized EAF members is given by an unimodular factor:

EAD (7.0) = EAQ) (1, p)e=72me, (2.61)

(@)

Hence, the magnitude of FA; " (7,v) is a—invariant:
‘EAECM)(T, 1/)‘ = ‘EA&OQ)(T, 1/)‘

2.4.7 Interrelation of EAF and Time—Varying Spectra

Generalized Wigner—Ville Spectrum. The generalized Wigner—Ville spectrum is the symplectic
2D Fourier transform of the EAF

Enga) (t, f) = //EA:(DO‘) (T, V>6—j27r(7f—ut)d7— dv = -7:7—>f-7:;—1>t {EA:(DO‘) (1, IJ)} , (2.62)

a relation that may be seen as the (consistent) generalization of the Wiener-Khintchine relation
(2.3) to nonstationary processes (or as the stochastic counterpart of the interrelation of the Wigner
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distribution and the ambiguity function (F.23)).

Physical Spectrum. The physical spectrum can be written as a smoothed generalized Wigner—Ville
spectrum (see (2.33)). Using the just discussed “nonstationary Wiener—Khintchine” relation (2.62)

one has

ESPEC)(t, f) = Fros s F, 5 { BAL (r, ) AL (r,0)

where A,(ya)(T, v) is the generalized ambiguity function of the window.

Evolutionary Spectrum. In order to relate the evolutionary spectrum to the EAF we have to use
the spreading function of the innovations system'2. The generalized EAF is formally equivalent to the
generalized spreading function of the correlation operator:

EA™ (r,v) = S%)(7,0).
The evolutionary spectrum can be written as
ES,(t, ) = Fros Pyt { S (r,0) 5685 (r )} (2.63)

where Sg/ 2)(7, v) is the asymmetrical spreading function of the innovations system and ** denotes

convolution:

32/2)(7, V) % *SS/Q)*(T, v) % //82/2)(7 - U/)ng)*(T,’U,)dT/ d

Formulating the generalized EAF in terms of the spreading function of the innovations system leads
to the so—called twisted convolution:

EAW (r,v) = //51(;)(7 — = V) S (e I ) g gy (2.64)

with

o(r,v, 7'V a) = 'v(a+1/2) + 7/ (a — 1/2) — 27"V a.
Observe that up to the unimodular factor e=727¢(7:».7" ) “the twisted convolution (2.64) looks similar
to a usual convolution. As will be used later, we already mention that with regard to support relations
of EA (r,v) and Sgl)(T, v) the twisted convolution behaves just like a regular convolution. For a
discrete setting (7,v € Z) it is trivial to see that for self-adjoint H (where one has |Sl(ﬁ?) (r,v)] =
|51(;) (—7,—v)|) the twisted convolution and the usual convolution enlarge the support by a factor two

in both directions'3. For the continuous-time setting a precise proof may be based on Titchmarsh’s
convolution theorem [195, p.178].

2.5 Processes with Compactly Supported EAF

In previous sections we have seen that three classical definitions of mildly nonstationary processes, i.e.,
Silverman’s locally stationary, Papoulis’ quasistationary, and Priestley’s uniformly modulated process,
are all essentially characterized by a compactly supported EAF. This suggests to study such processes
in more detail.

12The spreading function of a linear system will be explained in more detail in Chapter 4, the properties and relations
are summarized in Appendix B.

13For many practical applications it is sufficient to study processes on a limited rectangle of the time—frequency—plane
[-T/2,T/2] x [-F/2, F/2], of course, with TF' > 1. Formal periodization of the Wigner—Ville spectrum with periods
T, F leads to a time—frequency periodic process whose expected ambiguity function is given by a superposition of delta
distributions on the reciprocal grid (k/F,{/T) (k,l € Z). Hence, in this case one can work with a discrete (7, v)-domain.
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We characterize the support of the EAF by a separable 0/1-valued indicator function with mini-
mum area such that

EAgca) (r,v) = EAg:a) (T, V)X[*Toﬂ'o] (T)X[*VO,VO] (v), (2.65)
and we call
Ox déf 47—07/07 (266)

total spread. Based upon this characterization we classify nonstationary processes in underspread for
0y < 1 and overspread for o, > 1 (see Figure 2.3) [209]. Moreover, we call two underspread processes
with identical (79, vg) jointly underspread.

VA VA VA

(a) (b) (c)

Figure 2.3: Support of the expected ambiguity function for the following processes: (a) finite temporal
correlation, (b) finite spectral correlation, (c¢) underspread process (assuming 4y < 1).

Here, we have employed the system theoretic terminology [197], where linear time—varying systems
are characterized through the essential support of their spreading function or its stochastic pendant,
the scattering function, respectively. Mathematically, the EAF characterization of nonstationary
process and the spreading characterization of linear systems are equivalent due to the equivalence of
the time—frequency correlation function and the spreading function of the correlation operator (2.42).

Note that the underspread/overspread classification is not merely based on the degree of nonsta-
tionarity (temporal variation of statistics), rather it takes into account the variation of the process
second order statistic in both time and frequency direction. This aspect will become clearer by study-
ing the impact of the underspread/overspread classification on classical definitions of a time-varying
power spectrum of a nonstationary process.

2.5.1 Canonical Reformulation of the Wigner—Ville Spectrum

Based on the “nonstationary Wiener—Khintchine relation” (2.62) the (7, v)-domain support constraint
(2.65) carries over to an idempotent (¢, f)—domain convolution:

EA™ (1,v) = BAD (T,0)X2ry70)(T)X[=vo.0] (V)
(3

Enga) (ta f) = EWaga) (ta f) * ok (fT—>f 1/_—1)tX[7T0,’7'0](T)X[fllo,ljo](y)) .

By using the shift-invariance property of the generalized Weyl symbol ((C.15)) we can interpret the
convolution kernel as symbol of an a—dependent prototype operator P(«):

EW ) o4l (4.0) = [ [ EWID )L, (¢ = . f = vy dv

T UV

_ / / EW (1) LG o (8 Fdbr dv,

T UV
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Switching from symbols to operators gives an alternative continuous Weyl-Heisenberg expansion of
the correlation operator:

R. = [ [ BWE 0 PO (@), (2.67)
tf
where the prototype operator is characterized by the spreading constraint as follows:
SI(;.EL)(T’ 1/) = X[—TO,TO](T)X[_VO,VO](U) (2.68)

sin(27wvgt) sin(277 f)
w2t

Lyl (tf) =

sin (2mp (2 +a)t+ (L —a)s
(Pla) (ts) = 1 ( (;(Z)H)(% (i>8) Lot

The so—defined prototype operator is quite different from that introduced in Section 2.3.2 (it ap-
proaches that operator asymptotically for 79,19 — o). It is Hilbert—Schmidt with the norm given by
the total spread:
2
[P (a)|]” = 0.

Note, moreover, that we can redefine the Wigner—Ville spectrum for a process that satisfies (2.65) by
an operator inner product (analogous to (2.29)):

EW(t, f) = (Ro, P (a)) (2.69)

It should be emphasized that the continuous Weyl-Heisenberg expansion (2.67) and the operator inner
product formulation (2.69) are not uniquely defined. In fact when we replace P(a) by an operator
P’(a) whose spreading function satisfies

1, for (7,v) € [—70,70] X [—Vo, 0], (2.70)
arbitrary, else, '

S’I(ffza) (r,v) = {

both (2.67) and (2.69) hold true. However, with the unitarity of the spreading function we know that
1S (7, v)Il = [IH]].

Hence, among all possible candidate prototype operators that satisfy (2.70) the specific prototype op-
erator defined by (2.68) is canonical in so far as it achieves minimum Hilbert—Schmidt norm. Moreover,
in Appendix D we show that this specific prototype operator establishes an optimum time—frequency
shift—invariant estimator of real-valued spectra in the following form

xT

er-(0)
EW, (t, f) = (P (0)y,y),
where y(t) is a noisy observation of x(t).

2.5.2 Stochastic Sampling Principle

In view of the Fourier correspondence between the generalized Wigner—Ville spectrum and the EAF
(2.62) we see that the previously defined underspread condition implies a smoothness condition of the
time—varying spectrum of the process.
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Using the theory of the generalized Weyl correspondence (see Appendix C) and the sampling
principle for 2D signals leads to a discrete Weyl-Heisenberg expansion of the correlation operator:

R, = TFY Y EW®IT,mF)PITm)(q) (2.71)
I m

=

re(t, s)

Z Z Enga) (T, mF)ps(t —IT,s — lT)eﬂ”mF(t*S),
I m

valid for a sampling grid with
1 1
T< — and F<—. (2.72)
27/0 27‘0

Without going into details we note that it is obvious that the critical spread o, = 1 plays a theoretically
interesting role as it corresponds to the critical grid

TF =1,

which in turn means that in this case the rate of innovation in the second order statistic of the
process is equal to the critical sampling rate of one realization (considering bandlimited processes).
Moreover, the theoretical study of underspread operators in Chapter 5 will show the fact that, from
a mathematical point of view, it is the class of underspread processes where the terminology of a
time—varying spectrum makes sense'4.

Recall that the power spectrum of a stationary process is the eigenvalue distribution of its correla-
tion operator. Hence in the fundamental interpretation of the generalized Wigner—Ville spectrum as a
time—varying power spectrum we interpret the samples Enga) (IT,mF) as (approximate) eigenvalues
of the correlation operator such that (2.71) should be a Weyl-Heisenberg structured version of the KL

based spectral decomposition:

R, = > NPy, (2.73)
k=1

ra(t,s) = iAkUk(t)UZ(S)-
k=1

The conceptual correspondence between (2.71) and (2.73) does not work in a precise sense since the
prototype operator P(«) is not an orthogonal projection operator. In Chapter 5 we shall discuss
various mathematical theorems that support the eigenvalue interpretation of the GWS samples. It is
important to emphasize that the (approximate) eigenvalue interpretation of EWQEQ)(ZT, mF) implies
an (approximate) multiplicity of the KL eigenvalues of 1/0, as can be seen from the discrete trace—
formula

1 oo
EW T, mF) = — = o, trR,. 2.74
zl:; Wi IT, mF) TF’;/\k o.trR. (2.74)

Multiplicity of the KL eigenvalues means that underspread processes are time—frequency locally
white in the same sense as stationary processes are approximately white over frequency bands with
small variation of the power spectrum. However, one should be aware that mathematically precise

'To be precise, we should additionally admit any (centered) symplectic relatives of the rectangular domain in our
underspread definition (sheared or rotated versions of the rectangular domain). However, in view of the classical def-
initions of limited nonstationarity, rectangular symmetry seems to be of predominant practical interest. Moreover, for
real-valued processes a sheared or rotated underspread support is excluded due to the symmetry w.r.t. to the v—axis

(see (2.54)).
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the Enga) (t, f)—samples depend both on the KL eigenvalues and the KL eigensignals of the process.
Which means that two underspread processes with identical (79, 1/9) do not necessarily have a common
KL eigenbasis. We also emphasize that one has to be cautious when using the discrete trace formula
(2.74) for a characterization of the approximate rank of time—frequency-localized KL subspaces'®. In
Chapter 5 we shall see that it is the ratio T'/F which establishes a grid matching rule which remains
valid whatever goodness of approximation of the KL subspaces one requires. Whereas the rank of
the subspaces depends strongly on the required approximation threshold. Moreover, much in this
spirit, we shall return to the matched grid ratio in the statistical optimization of the Gabor expansion,
where T'F' is determined by pragmatical considerations while T'/F has to be matched to the a priori
knowledge.

The physical spectrum is a smoothed version of the GWS which means that the sampling grid for
the GWS is also sufficient for sampling the physical spectrum without loss of information.

With regard to Priestley’s evolutionary spectrum we note that, under the assumption of an under-
spread innovations system, using the “two—step” relation to the EAF (2.63), (2.64), it easy to see that
for a self-adjoint innovations system (whose generalized spreading function has a magnitude which
is symmetrical w.r.t. the origin, see (B.25)) the evolutionary spectrum is a 2D lowpass function with
exactly the same bandlimits as the generalized Wigner—Ville spectrum.

Hence, we have shown that any of the classical definitions of a time-varying power spectrum of
a process with compactly supported EAF can be sampled without loss of information on the grid as
determined by (2.72). One has a general stochastic sampling principle (formulation of (2.72) in a more
intuitively appealing form):

T 7 1 1
i d TF = =, 2.75
F 140 an 47’01/0 Oy ( )

2.5.3 Asymptotic Equivalence of Time—Varying Spectra

For stationary processes all of the above mentioned window—independent spectrum definitions yield
the conventional power spectrum. The stationary process may be seen as a limit case of an under-
spread process, and in fact, for underspread processes with underspread innovations representation the
evolutionary spectrum is essentially equal to the generalized Wigner—Ville spectrum [211]'6. The proof
of this fact can be based on the theory of the symbolic calculus of underspread operators as follows
(detailed proofs can be found in Chapter 5).

As pointed out in the previous section, we know that given a self-adjoint underspread innovations
system H with spreading constraints (79/2,19/2), white noise excitation leads to an underspread
process whose correlation operator has spreading constants (7p,7). Then, Theorem 5.1 allows to
conclude that

2

and, since

52, £y = L824, £) = EWD (1, 5),

we have the approximate equivalence of the evolutionary spectrum defined by (2.36) and the general-
ized Wigner—Ville spectrum with o = 1/2:

ES,(t, f) = EW{D(t, f).

15Subspaces spanned by KL eigensignals with identical KL eigenvalues.
' Numerical experiments indicate that the existence of an underspread innovations representation seems not necessary.
However, for our proof this assumption is crucial.
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Due to (2.36), Priestley’s definition stands conceptually closer to the Rihaczek spectrum (generalized
Wigner—Ville spectrum with o« = 1/2) . With the approximate a—invariance of the generalized Weyl
symbol of underspread operators — as will be quantified in Theorem 5.5, Chapter 5 — we can fur-
thermore show that the evolutionary spectrum approaches any member of the Enga)ffamily with
decreasing spread of the process. Theorem 5.5 and 5.1 yield the following bounds

1
I NP = (0 NP| < s202sin (no?) B

L)t 1) = LRt )] < Sousin(ro.lal) iR,

‘L(I%I*(t, f) = |L(13) t, )’ < 320%sin (%ﬂ%) tr’H.

Combining these inequalities leads to the following result, valid for o, < 1/2:

‘EW;'*) (t, f) — ES, (¢, f)‘ < 8702 (80,t1> VR, + [a| 1R, ), (2.76)

where for notational simplicity we have made the bound coarser by utilizing sin(z) < x for z €
[0,7/2]. This formula relates all of the classical window independent definitions of a time-varying
signal spectrum in the form of an L.,—bound valid for underspread processes.

2.6 Numerical Experiments

As an illustration for the above discussed theoretical results we consider two numerical experiments
about zero—mean, finite-length, discrete-time nonstationary processes synthetically defined by a co-
variance matrix, i.e., the computation of the various spectra is based on complete knowledge of the
second—order statistics. The discrete implementation of the generalized Weyl correspondence is the
key problem of this experiment.

The map that underlies the Weyl symbol (« = 0), (¢,7) — (t + 7/2,t — 7/2), is not directly dis-
cretizable while the map underlying the Kohn—Nirenberg correspondence (o« = 1/2), (t,7) — (t,t—7),
can be trivially discretized. In particular one can formulate a discrete Kohn—Nirenberg correspondence
as a unitary one—to—one mapping of N x N matrices by

modn) e*ﬂ”mTk, n,k €[0,N —1],

N—1
Lg/Q)[n, k] = Z H [n,(n—m)
m=0
which is impossible for the Weyl correspondence. One pragmatical way out of this dilemma is to
compress the matrix at hand onto the space H of halfband signals (complex signals whose spectrum
vanishes over its half length)
Hy = PyHPy,

where P denotes the halfband projection operator and Hy is the compressed matrix. This procedure
maps an N X N matrix on a 2N x 2N matrix. For such a half-band compressed matrix, one can
define a discrete N x N Weyl symbol as:

N
0 _jqqgmk
LYk = 3 2H [(n 4 m)0dons (7 — Mimodan] € 7%, nyk € [0,N —1].
m=1

Such an ad hoc implementation keeps the desirable behavior of the Weyl correspondence for operators
with chirp-like eigenfunctions. However, this approach comes at the cost of (i) loss of unitarity and
(ii) considerably increased memory and computational expense.
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Figure 2.4 shows contour plots of various spectra of an underspread process. The process has been
synthesized by defining an innovations system in the form of a moderately time—variant bandpass
filter. The total spread has been chosen near to the critical threshold, see Fig. 2.4(j). This choice
leads to visible differences between the various window independent spectrum definitions. In the
middle (chirpy) part of the process, one can observe the better concentration of the a = 0, Weyl-type
spectra Fig. 2.4(f) and Fig. 2.4(i) compared to the o = 1/2, Kohn—Nirenberg type spectra Fig. 2.4(g)
and Fig. 2.4(h). Another observation that can be predicted from theory is the dramatic influence of
the window on the appearance of the physical spectrum for one and the same process. The matched
window has been computed according to the theory presented in the following chapter. The matched
window physical spectrum gives a satisfactory process representation, see Fig. 2.4(e).
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Figure 2.4: Various time-varying power spectra of an underspread process: (a) one realization of
the process, (b) three different window functions: ~;(¢)--- “long” window, ~4(¢) - -- “short” window,
Yo(t) - - - matched window, (c) physical spectrum using 7;(¢), (d) physical spectrum using ~s(t), (e)
physical spectrum using v, (), (f) Wigner—Ville spectrum, (g) Rihaczek spectrum (generalized Wigner—
Ville spectrum with o = 1/2), (h) evolutionary spectrum (generalized evolutionary spectrum with
a =1/2), (i) generalized evolutionary spectrum with « = 0, (j) expected ambiguity function.

The dramatic divergence of the various power spectra for an overspread process is the topic of Figure
2.5. We defined an overspread innovations system in a piecemeal fashion by putting together highly
temporally localized and highly frequency localized eigen—components. Although the corresponding
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process certainly has some specific time—frequency—structure, its overspread behavior leads to the
theoretically expected result: None of the classical definitions of a time—varying power spectrum allows
to learn about the basic structure of the process. It is only the combined observation of a “short—
window” (wideband) physical spectrum and a “long-window” (narrowband) physical spectrum that
elucidates the structure of the process. This fact can be explained by the window matching theory
of the following chapter: The considered overspread process is a combination of two underspread
processes (one of them is almost nonstationary white and the other almost stationary) which are not
jointly underspread. Hence, the short window is matched to the almost nonstationary white process
and the long window is matched to the stationary process. It should be emphasized that the combined
consideration of narrowband/wideband spectrograms is in common use by speech analysts.
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Figure 2.5: Various time-varying power spectra of an overspread process: (a) one realization of
the process, (b) three different window functions: ~;(¢)--- “long” window, ~4(t) - - - “short” window,
Yo(t) - -+ “middle duration” window, (c) physical spectrum using 7;(¢), (d) physical spectrum using
vs(t), (e) physical spectrum using v,,(t), (f) Wigner-Ville spectrum, (g) Rihaczek spectrum (gener-
alized Wigner—Ville spectrum with o = 1/2), (h) evolutionary spectrum (generalized evolutionary
spectrum with o = 1/2), (i) generalized evolutionary spectrum with a = 0, (j) expected ambiguity
function.
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2.7 Summary

From an operator diagonalization point of view the Fourier transform is matched to wide—sense sta-
tionary processes and the Karhunen—Loeve (KL) transform to nonstationary processes with finite
expected energy. We have pointed out two different ways of deriving the KL transform given the
correlation operator of a zero—mean random process: (i) The KL transform can be obtained by diag-
onalizing the correlation operator. (ii) Alternatively, the KL transform yields optimum concentration
of the diagonal coefficients.

The Wiener filter served as an example for the relevance of diagonalizing transforms. Using a
diagonalizing transform, the abstract Wiener filter, Hysprsp = Ra(Ra, + Rn)_l, can be reformulated
by scalar operations. In the stationary case one has in terms of the power spectra of the signal and
noise processes:

Sx(f)
Humse(f) = a7
Se(f) + Sn(f)
while in the nonstationary case (with commuting signal and noise correlation operators) the Wiener

. . . . . (MMSE) Al
filter is determined by the KL eigenvalues of the signal and noise process: A} = T
k k

We have reviewed the most prominent definitions of a stochastic time—varying spectrum, the
(window—dependent) physical spectrum, the generalized Wigner—Ville spectrum and the generalized
evolutionary spectrum. We have introduced a compact notation for time—frequency shifting of linear
operators in the form

PN MoT P (M,T,) !

where M ;T; denotes a time—frequency shift operator. With this notation, one can formulate all of the
considered definitions of a time-varying spectrum by a (formal) operator inner product. The physical
spectrum can be written as

ESPEC)(t, f) = (Ry, PU)),

where P, is the rank—one projection operator onto the analysis window.
The generalized Wigner—Ville spectrum,

EW (1, f) = (Ry, PO (),

and the generalized evolutionary spectrum

ESE (1, 1) = [(VRa PO (o)

are based on the same (a—dependent) infinitesimal prototype operator which can be defined via the
generalized Weyl correspondence as Lgf()a) (t, f) =06(t)0(f). We have pointed out the limited relevance
of the time—varying spectra for general nonstationary processes due to a lack of a point—wise inter-

pretation. This becomes obvious when asking about the time—frequency formulation of the Wiener

filter:
Eu(t, f)
t,f)+ En(t, f)

We have discussed the expected ambiguity function EAF as an alternative second—order process
representation. Based on the EAF we have introduced a fundamental classification of nonstationary
random processes: Underspread processes are defined by a small product of spectral and temporal
correlation width and, conversely, overspread processes by a large product. It has been shown that
all of the considered time—varying spectra are 2D lowpass functions with identical bandlimits and are
asymptotically equivalent (to include the physical spectrum we have to assume a matched window).
For underspread processes the time—frequency formulation of the nonstationary Wiener filter indeed
makes sense as we shall learn from the following chapters.

Hywse(t f) = Bl



Chapter 3

Matched Weyl-Heisenberg Expansions
of Nonstationary Processes

We derive the statistically optimum STFT/Gabor window matched to the second order statistic of a
nonstationary process in the sense of an optimum approximate diagonalization via a Weyl-Heisenberg
structured signal set. The STFT window criterion is compared to other criteria aiming at minimum
global/local bias in spectrogram based estimation of the Wigner—Ville spectrum. For underspread pro-
cesses, the matched window physical spectrum (expected spectrogram) is shown to provide a complete
second order statistic. We discuss a simple window adaptation rule based on optimizing the duration
for a given window shape. Finally, the extension to multiwindow methods is briefly pointed out.

3.1 Optimally Uncorrelated STFT Expansion

We assume a zero—mean, nonstationary, finite energy process x(t) characterized by its correlation
function r,(t,s) = E{x(t)z*(s)}. When applying the short—time Fourier transform (STFT) to x(t)
it is our implicit hope that the STFT does quite the same job for a nonstationary process which the
Fourier transform does for a stationary process. In particular, when the process x(t) is assumed to
be slowly nonstationary one may argue that the windowed portion of z(t) is in good approximation
second-order time—invariant (“locally stationary”) which in turn justifies to decorrelate this portion
via the Fourier transform. Although we know that precise decorrelation requires the Karhunen—Loeve
transform it is still worthwhile to study the statistics of the STFT.

Statistics of the STFT. The STFT of the zero-mean, nonstationary process x(t) is a two—dimensional
(nonstationary) process that is also zero—mean,

E{STFT{)(t, )} =0,
and its four—dimensional correlation has been obtained in the previous chapter as

Rng,pT(t, fit—1f—v)= //EAQ;(T', A (r =1 v=1) eﬂ”[(”,*”)(tq)“”,*f)quT'dy',
T/ V/

where FA,(7,v) is the expected ambiguity function of the process and A.(7,v) is the ambiguity

function of the window.

Continuous Off-Diagonal Norm. Exact decorrelation, i.e.,
R,(S'mjj:;T)‘T(ta f’ tla fl)

is impossible because the underlying expansion set v(/)(s) = ~(s — t)e is highly linear depen-
dent and statistically orthogonal coefficients require as a first prerequisite deterministic orthogonality.

2

Lo dor (tAOVAS). (3.1)

127 fs

35
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However, we expect that depending on the choice of the window function the decorrelating property
(3.1) holds in an approximate sense.

An obvious way to measure the deviation from optimum decorrelation (i.e. optimum diagonal-
ization of a correlation operator) is a continuous off-diagonal norm (similar to the discrete case off—
diagonal norm (2.11) that formally led to the KL transform):

My (z,7) & ////‘RSTFTt (tfot =7 f = v)| (L= K(r.v) dedf dr dv, (3.2)

where K (7,v) is a radially non—increasing smoothing function satisfying

0K (t,v) <0 0K (1,v) <0

K(0,0) =
‘(’ ) 87— — Y 8]/ — )

0< K <1, (3.3)

such that 1 — K(7,v) penalizes the off-diagonal spread of RES?}FT(t £t .
It must be additionally noted that the Ls—norm of RgTFT(t f,t', f') is equal to the Loy—norm of

the correlation function (we always assume ||y|| = 1)
1RSI = ////‘RSTFTt £ i atdr ar af’
t f t! f/

[I]]]]] ]t

th o ff t1 t2 t3 14

rr(tg,t4)7( DI () D () dt df dt df' dty dts dts diy

= //|7“I(t1,t2)|2dt1 dtg

t1 to

= [R.|P, (3.4)

where we have used the STFT-based resolution of the identity (F.2)

/ / D () B (1) dt df = 6(t; — ).
tf

Hence, the global correlation measure My (x,7) is well defined for any process with square—
integrable correlation function.

The Optimum Window. The correlation of the STFT coefficients depends on the process x(t)
and the analysis window ~(¢). Matching the STFT to the process in the sense of minimum global
correlation is thus equivalent to the following window optimization problem:

Yopt,1(t) = arg minMI(?’V) subject to ||| = 1. (3.5)
B!

The expression for the STFT correlation (2.46) and in particular its special form for white noise
(2.48):

2
‘RSTFT t fat_va_U)‘ = |A7(7'7V)|2

suggests an ideal window with A, (7,v) 5 (1)d(v) for which the magnitude of the STFT would indeed
be given by the magnitude of the process’ time—frequency correlation:

Ay (1,v) £ 6(7)5(v) — [RE (b £t =7 f = v)| = [BAL(r,v)]
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However, the radar uncertainty principle ((F.29) for a normalized signal, ||| = 1)

// A (o) Pdrdv =1,  with  A,(0,0)=1

forbids the existence of such an ideal window. Notwithstanding this fundamental limitation we know
that different windows may yield different amount of additional, undesired time—frequency correlation.
This is what we quantify by the global STFT correlation M (z,7) defined in (3.2).

Based on (2.46) the global STFT correlation is given by:

Mg (x,7) ////////EA 1, V1) Ay (T — 71, v — 1) EAL (72, 12) AL (T — T2, v — 1)

T V T1 Vi1 T2 V2

eIt (re=m)f—vimtvanl (1 _ K (7 v)) dt df dr dv dry dvi drs dvs,

where four integrals collapse and we obtain the following expression for the off-diagonal norm
o 2 2 1oy 2 / / g
Micla,) = [Ral? = [ [ 14,70 [//|EA,;(T,V)| K(r—7',v—)dr' d/ | dr dv.
T VvV T

Minimizing M (, ) by an optimal choice of 7(t) is thus equivalent to the maximization of an Lo(R?)—
inner product of the smoothed magnitude—squared expected ambiguity function of the process and
the ambiguity function of the window:

Yope1 = argmin My (w,7) = argmax (|[EA « <K, [4,F), 7l =1. (36)

The limit case smoothing kernel K (7,v) = §(7)d(v) does not correspond to an admissible penalty
function (i.e., it does not satisfy (3.3)). In the following section we show however that — from a
slightly different view of measuring the eigenfunction deviation — K(7,v) = 6(7)d(r) makes sense in
(3.6).

3.1.1 Matching via Orthogonality Principle

Recall that optimum decorrelation of a nonstationary process is equivalent to the diagonalization of its
correlation operator. If we restrict ourselves to a set of time—frequency shifted versions of the analysis
window, {W(T’”)}, we hope that any member of this set is an approximate eigensignal of R,. For each
individual time—frequency shifted version (™) (¢) we can measure the deviation from an eigenfunction
of R, by splitting up (R,7(™))(¢) into a scalar multiple of 4(™*) and an error function

(Rar ™) (1) = 7T (8) 4+ 7 0),

where (™) is a constant factor. This split—up gets unique by minimizing the Lo—norm of the error

function via the orthogonality principle
(Tv) —
<en:;l ,7( )> =0.

Since we always presuppose ||7v|| = 1 the minimum error norm is given by

2 KRH(T,V), () > ‘2

||2 HR ~ (1,v)

et
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2
o

In order to match the entire STFT-expansion set {7(7")} we integrate ||e

of 7 and v:
/ / e 2 d.

Using the STFT-based resolution of the identity (F.2) the first integral can be evaluated as follows

//HR”(T’V) Ydrdy = /////rxt YT (015 (¢, t2)y T (b)) dr du dt dty dt

min || over the total range

v t1 to
= //|r$(t,t')|2dtdt',
t t

for the second integration we introduce the STFT correlation in the form of (2.46):

//‘<R$’y(7’y),’y(7’u)>‘2d7'dl/ = //‘RSTFT T,I/TI/)‘ dr dv (3.7)
= //////EA T17V1 EA (TQ,VQ)A( 7'1,—1/1)

T V T1 V1 T2 V2

-A,y( T9, —7/2)6]27T[T(V1 vo)t—v)m—(a=)nlgr g4y, dr1 dvy dro dvs

= [ [IBAGv)PIA, (o) Par dv.

combining these results we have
M(a,7) = IRa|” = (|EAL 4, 7). Iyl =1
Hence, the window matching via orthogonality principle leads to the following optimization criterion:
Yopr2 = argminM (z,7) = argmax (|[FA[% 14, ), Iyl =1. (3.8)

Comparing with (3.6), we see that the result of window matching via orthogonality principle (3.8)
is equivalent to the use of K(7,v) = §(v)d(7) in the definition of the off-diagonal norm My (x,~)
(3.2). Then however, My (x,7) is no more an off—diagonal norm rather it reflects the norm of the
diagonal itself. Before we discuss the optimum windows in more detail we point out another intuitively
appealing derivation of (3.8).

3.1.2 From Optimum STFT to Optimum Spectrogram

Analogously to the quadratic optimality criterion that leads to the Karhunen—Loeve transform (2.14),
the “sharp off-diagonal measure” M(x,v) as defined in (3.8) admits an interpretation in terms of
optimum power concentration in the coefﬁment distribution. The diagonal of the STFT correlation
equals the physical spectrum BSPECY (t f) (see (2.16)):

RGTr(t £, 1) = B{|STFT{ (1, f)‘} — ESPECO)(t, f). (3.9)

We define a concentration measure of the expected spectrogram analog to the concentration measure
that formally led to the KL transform (see (2.14)) presupposing a process with normalized expected
energy trR, =1

M(x,) = / / [ESPECY (1, f) — ESPECO) (1, f) } dt df.
Y
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However, since using (3.9) and (2.46) we have:

/ / ESPEC\)(t, f)dtdf = / / / / EAy (1, vA, (=7, —)ed 2 W=D qf dr dv
t f t f T v
EA,(0,0)A,(0,0)
= trR,,

and with (3.7)

(7)2 _ (z,7) 2
ESPECO) (¢, fydtdf = ‘RSTFT(t, .1, f)‘ dt df
t f t f

= (|BAL",|4,%)

we can conclude that the maximization of the concentration measure M (x,7) is equivalent to the
matching via orthogonality principle:

arg max M (x,~) = arg min M (z, 7).
0 0l

Hence we see that matching the STFT expansion set via the orthogonality principle is equivalent to
optimizing the concentration of the expected spectrogram. We remind the reader that this is just what
we expect by generalizing the concept of the Fourier and KL transform: statistically optimum linear
representation leads to a corresponding statistically optimum quadratic representation.

Moreover, whenever both EFA,(r,v) and A,(7,v) are smooth and well-concentrated about the

is a well-

2
origin (which is usually satisfied in cases of practical interest) then ‘joﬁzT(t, £t f)
2
behaved function. Then it is clear that maximizing the diagonal ‘R(S:E:,LpT(t, Lt f )‘ must diminish the

2
off-diagonal spread of ‘RnglpT(t, £t
of v(t) on the unit sphere (see (3.4)).

since the total integral is independent w. r. t. a variation

3.2 Discussion of the Matched STFT Window

3.2.1 Twofold Ambiguity

In the window optimization criterion (3.6) the ambiguity functions of the window and of the process
both appear magnitude squared, a fact that entails a twofold ambiguity.

First, the optimum window is not uniquely determined. Rather there exists at least' a whole
Weyl-Heisenberg family of optimum windows, 7((,;;”) (t), since the cost function of the window opti-
mization criterion is invariant w.r.t. a time—frequency shift of the window. However, in most practical
applications a window function that is not spectrally and temporally centered about zero is not ac-
ceptable as it falsifies the (absolute) time-frequency localization of the signal. Fortunately, in the
iterative numerical solution of the window optimization [206] it suffices to start with a time—frequency
centered window in order to prevent convergence to “time—frequency—biased” solutions.

Second, there exist processes with different correlation functions but identical optimum window. A
trivial example is a Weyl-Heisenberg family of processes (™) (t). This ambiguity makes our window
optimization theory even more useful since it allows to match the window to the incomplete a priori
knowledge of a correlation kermel. Tt should be stressed that such incomplete a priori knowledge
prevents the application of the KL transform.

! Apart from other potential, less obvious ambiguities of the optimum window.
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3.2.2 Choice of Smoothing Kernel

The smoothing kernel K(7,v) has been introduced for the design of the penalty (weight) function
in the continuous off-diagonal norm (3.2). It is obvious that with increasing spread of K(7,r) and
decreasing spread of FA,(7,v) the choice of the smoothing kernel has considerable influence on the
result. For the limit case of stationary white noise the window optimization theory is no more valid
(it is restricted to trace class correlation kernels), it is however illuminating to look at this case in an
approximate way:

EA(rv)f = 3(ni) = o v agmax(J4, 1K), |l =1

We see that for approximate stationary white processes the optimum window tends to depend entirely
on the choice of the smoothing kernel. This is not astonishing if one is aware of the fact that in
this case the KL basis itself is highly ambiguous, since any orthonormal basis leads to uncorrelated
coefficients. It is only our desire to penalize temporal and spectral correlation of the STFT coefficients
that determines the optimum window. Moreover, in Section 3.1.1 we have seen that even the ideally
concentrated kernel K (7,v) = 0(7)d(r) makes sense although it is not admissible in the sense of
measuring the off-diagonal spread of the STFT correlation?.

Hence, in practice one could completely abandon the smoothing kernel apart from two exceptions:
(i) When there is a need to penalize temporal and spectral correlation in an unequal manner, this can be
expressed by the choice of a radially non—symmetric K (7,v). (ii) In practice, the window optimization
will be based on an estimate of EA,(7,v). Whenever this estimate appears to be highly oscillatory
then a slight smoothing may help to improve convergence in the iterative numerical optimization.

3.2.3 Residual Correlation

Given the optimized window we now ask about the residual global correlation of the STFT coefficients.
Using (3.8) and (2.52) one can write the global correlation in the following form (for simplicity we
assume negligible smoothing, i.e. K(7,v) =~ §(7)d(v)):

M(z,7) =//|EA$(T,V)|2 (1- 14, (r.0)|?) dr dv.

It is obvious that the optimum window should have an ambiguity function that is close to one in that
area of the (7,v)—plane where |E'A,(7,v)| > 0. Restricting the discussion to typical time—frequency—
localized window functions, the radar uncertainty principle for normalized signals,

// A () Pdrdr=1  and A (0,002 =13 |A,(r,0)

shows that the underspread/overspread classification plays an important role as explained in what
follows.

Impact of Underspread/Overspread Classification. A usual window is a well time—frequency—
localized signal with an ambiguity function that can be coarsely approximated by a rectangular indi-
cator function with area one. Then it is clear that for an underspread process the optimum window
indeed achieves

|A, (T, v)| =1 where |EAz(T,v)| >0,

i.e., we thus have small global correlation. On the other hand, for an overspread process, we cannot
find a window that achieves such a perfect matching since due to the radar uncertainty principle the
area with |A,(7,v)| = 1 cannot be larger than one.

In a discrete setting this problem disappears, since the delta distributions carry over to Kronecker functions and the
ideally concentrated kernel establishes a valid off-diagonal norm.
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3.3 Time—Varying Spectral Estimation and the Spectrogram

In Section 3.1.1 we have seen that the optimum STFT of a nonstationary process establishes an
expected spectrogram (physical spectrum) that is optimum in the sense of concentration. The nat-
ural question is to ask about the relation of this optimum physical spectrum to classical window—
independent definitions of a time-varying spectrum. One may suppose that the optimally concen-
trated spectrogram is in some sense also optimum as an estimator of the generalized Wigner—Ville
spectrum. In this section we study various window optimization criteria which aim at minimum bias
of the spectrogram as an estimator of the generalized Wigner—Ville spectrum.
The above—discussed “nonstationary Wiener—Khintchine relation”

PAC (o) = [ [EW @ e 20D atdy = Fiy 77 {BWEE D}
tf
provides the starting point in investigating this issue. Observe that due to the a—dependence of
the expected generalized Wigner distribution we can a priori exclude a simple relation to the a-—

independent STFT window optimization criterion. However, we hope that in cases of practical interest
all window optimization criteria lead to essentially the same optimum.

3.3.1 Bias of Spectrogram

The expected spectrogram is a smoothed version of the expected generalized Wigner distribution
(GWD), where the smoothing kernel is the GWD of the analysis window ~(#):

ESPECS(t, f) = EW (1, f) » « WL (—t, ).

Considering the expected spectrogram as an estimate of the expected GWD, the bias clearly depends
on the choice of the analysis window?:

BD ot f) L EWO(t, f) — ESPECO)(t, f).

For a general nonstationary process it is hard to set up a useful criterion for the choice of ~(¢).
However, by considering processes with compactly supported EAF we are able to obtain concrete
window optimization criteria.

We henceforth presuppose a priori knowledge of the 0/1-valued characteristic function x,(7,v) of

the support of EA;(EO‘) (1,v), defined by

EA (1,0) = EAY (1, 1) o (7, V) and //Xx(T, v)dr dv — min. (3.10)
T UV

The minimum area side constraint is intuitively clear but requires further theoretical reasoning. In
Appendix D, it is shown that the indicator function of the support of EA,(7,v) establishes the
minimum variance unbiased estimator of the Wigner—Ville spectrum. This fact gives the motivation
to take the smallest indicator function among those which contain the support of FA,(7,v).

For the following derivations we mention two properties of the indicator function y,(7,v): (i) it
does not depend on « as the magnitude of FA,(7,v) is a—invariant, (ii) one has

Xr(Tv V) = XI(_Tv _V)v

since

[BAS (7,0)] = | EAS (=7, —v)].

3For simplicity, we here do not consider more general estimators of the Wigner—Ville spectrum and refer to Appendix
D. There, it turns out that the window matching is indeed a mere bias problem, i.e. it suffices to compare the expected
spectrogram with the ezpected generalized Wigner distribution. The spectogram with its specific structure does not allow
a bias versus variance trading, for a typical underspread process it is usually a suboptimal estimator. The natural step
to multi-window estimators will be discussed in Section 3.5.
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3.3.2 Minimum Bias Window

Based on (3.10) one can easily obtain a tight bound on the bias magnitude via triangle and Schwarz
inequality:

B ect.n)| = [EWEt, f) - ESPECO (2, £)

// {EAECO‘) (1,v) — EA) (7, V)A,(YO‘)*(T, 7/)} e 72T qr dy

< [ [|pA2 e

X — A(f‘)H- (3.11)

Xz(Tyv) — A,(YO‘)*(T, 1/)‘ dr dv

< IR )|

Minimization of the upper bound leads to a classical signal synthesis problem [371, 339],

Xz — AEYO‘)H2 = arg max <XI,AEYO‘)> subject to IvI> =1,

Yopt,3 = arg H}Yln‘
(3.12)

i.e., one has to find that normalized signal () whose ambiguity function comes closest to a given target
function. (This optimization problem is slightly less complicated than (3.5), it leads to a (partial)
eigenvalue problem.) In contrast to the statistically optimal STFT window which is invariant w.r.t. the
choice of «, the minimum bias window will be a—dependent. This fact is not at all astonishing, since
Yopt,3 Minimizes the bias of the spectrogram as an estimator of the a—dependent GWD.

3.3.3 Minimum Bias Window for Real-Part of the GWVS

The generalized Wigner-Ville spectrum (GWVS) is generally complex-valued. By considering the
real-part of the GWVS one has to sacrifice some of the usually required properties of a time—varying
spectrum [159].

By the employment of (F.21) and (2.61) one can easily parallel the derivation in (3.11):

Bt )| = [Re{EWEI0, )}~ ESPECE, |
< //‘EA(IO)(T,I/)‘ Xz(T, V) COS27TTVO[—ASYO)*(T,I/)‘deV
< ﬁf;H\ﬁ“) — A0 (3.13)

where we have introduced a modification of x,(7,r) which is no more an indicator function:

Y9 (7, 0) def Xz(T, V) cos 2wTra.

(For underspread processes this modification will be negligible since cos2rrra = 1 for Tory < 1.)
Equation (3.13) results in a slightly modified version of the minimum bias window criterion (3.12): we
have the structurally equivalent optimization problem now expressed as a signal synthesis problem in

terms of the symmetrical ambiguity function Ago) (1,v) and an a—dependent target function:

Yopt,4 = argmax <>Z§Ea), AEYO)> subject to Iyvl? = 1. (3.14)
ol
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3.3.4 Matching via Symbolic Calculus

The physical spectrum can be viewed as a linear time—frequency representation (“Weyl-Heisenberg
symbol”) of the correlation operator with the inner product formulation (see (2.19) and (2.20)):

ESPECO)(t, f) = <Rr, p(t/ >>,

where P, denotes the rank-one projection operator onto the analysis window 7. The generalized
Wigner—Ville spectrum establishes a different “Weyl-Heisenberg symbol” of the correlation operator
(see Section 2.5.1):

EW(t, f) = (Ry, P (a)),
where the prototype operator P(«) is given by the support constraint of the EAF:

51(5'221)(% v) = xz(T,V).

Now it is near at hand to define the optimum spectrogram window by matching the rank—one
prototype operator P, to the general prototype operator P(a). This is indeed just the previously
discussed window 7,,¢,3 that achieves minimum squared bias:

t) = in|[P(a) —P,|* = Al bject t 221
Yopt,3(t) = arg min [[P(a) — Py[|” = arg max (xa, A subject to I7[I" = 1.
The same reasoning holds when studying the Weyl-Heisenberg expansion via the real-valued gen-

eralized Wigner distribution; the symbolic calculus leads to 7,,:,4. Hence, we see that the abstract
mathematical view leads to formal short—cut derivations.

3.3.5 Approximate Equivalence

The introduced window optimization criteria lead to complicated nonlinear constrained optimization
problems. In practice the numerical expense for the iterative solution may prohibit the application of
the optimum window. This motivates the derivation of approximate window criteria aiming at low—
cost design. Fortunately, we will see that, for underspread processes, all of the previously discussed
window optimization criteria lead to a unique, intuitively appealing window matching rule.

Assume that FA,(7,v) is approximately given by an 0/1 valued indicator function y,(7,v) with
area much smaller than one:

EA,(1,v) = xz(7,V) with //XI(T, v)dr dv < 1. (3.15)

We can replace the ambiguity function of a (real-valued) window by its Taylor approximation (see
Section F.0.4):

o 1
Ag Nrv) ~ 1-— Dy (FA?T2 + T,$V2> , (3.16)
Al P a1 L (F 2 3.17
‘7(7',1/)‘ ~ —;(,YT—l-,YU), (3.17)

where Tf and Ff are the temporal and spectral moments of order two defined as:
T2 — 47r/t2|7(t)|2dt,

P2 o= ar [ PIROPL,
f
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where I'(f) = (Fv) (f). The square-roots of these moments, 7', and F, are one natural, mathemat-
ically convenient way to define the duration and bandwidth of a window function. In particular, the
uncertainty principle for v(t) can be formulated as

T, F, > 1, (3.18)

where equality holds only for the Gaussian signal, which is exactly determined by its second order

moments: ,
g(t) = {/2F, )T, e~/ T)E,

More generally, for most applications good windows are always near to a Gaussian function in the
sense that
T,F, ~ 1,
and the main problem is to determine the optimum duration/bandwidth ratio T,/ F,.
To this end, we consider a family of (unit energy) windows 7,(¢) which are dilated versions of a
(energy normalized) reference window ~y():

Ya(t) = Vayo(at). (3.19)

The dilation factor a characterizes the duration-bandwidth ratio of the window ~,(t). With the
well-known facts

Ty
T, = "
and
F,y = G,Fb7
one has
T, 1T
Ey a R

where T and F§ denote the temporal and spectral moments of the reference window ~o(t) and T3
and F3 are the respective moments of the dilated version 7, (¢).
The approximations (3.15), (3.16), and (3.17) provide the basis for replacing the general (multi-
variate) window optimization criteria by the optimization of the single parameter %
For the window optimization criteria (3.5) (with negligible smoothing K(7,v) =~ §(7)d(v)) and
(3.8) we obtain the following approximation (i € {1,2}):

T.
(%) = arg H;aX <er |A7|2> ~ arg n;a,x //Xr(Ta v) (T,?yQ + F,gT?) dr dv.
Y opt,i F_: F_:) T v

The a—dependent design criteria (3.12), (3.14) get approximately a—independent since one has:

ej27r7rm'a ~ 17

for 7v < 1. (Note that we always consider || < 1/2.) Hence, the window optimization criteria (3.12),
(3.14) lead to an a—independent approximate cost function (i € {3,4}):

T
el = arg max (X, A,) & arg max //)(x(’r, V) (Tﬁ,ﬂ + F372> dr dv.
F’y opti i_‘y g—" T v

It is equivalent to the approximate optimization of v,p¢;,4 € {1,2}. That is, with regard to matching
the window to the support of the EAF (in case of incomplete a priori knowledge) we have already
established the approximate equivalence of all previously defined window optimization criteria

Wopt,l(t) ~ Vopt,Z(t) ~ Vopt,?)(t) ~ Yopt,4 (t) for Tovp K 1
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In order to obtain a simple window matching rule we restrict the discussion to specific shapes of
Xz(7,v). Both for rectangular shape

Xa (7—7 U) = X[~70,70] (T)X[fuo,uo} (V)

and elliptical symmetry of x.(7,v)

Xz(T V) =

{ 1, (;—0)2+ (VLO)ZS 1,
0, else

one obtains an intuitively appealing solution for the optimum duration-bandwidth-ratio:

<5> S (3.20)
FFY opt Yo

Proof: We introduce the following notation:

def Ty def

T q:T'yF'ya
Fy
i}
— 2 4 _ 2
pq—T,y, ]—)—F,y.

The cost function for rectangular shape of Y. (7,v) can be evaluated straightforward:

Qilp) = / / (pqu2 + gTz) dr dv
_7—0 —lo
1

For the elliptical case we introduce another short notation:

2
s(T) oy /1 - (l> .
7o
The integration shows that the stationary points for rectangular and elliptical shape are identical:
2, 49 2
@r = [ / (o + 852 drav
—T0 _—s T P
0 3
= 2 (pq (7) + 7' 2s(t )) dr
—7 3
/2 % 3 2 2
= 2/ pq—=27g cost x + 7'01/0 sin“ x cos” x | dx
—7/2 3 p
T 1Y ( Ve + ! 2)
= —7T -75 ) -
1 00 | Py P 0

Here, we have used the substitution:

and the following integrals
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w/2 T
/ sin® x cos® zdr = —
—7/2 8

Differentiation of the p—dependent term of the cost functions Q1(p), Q2(p) leads to

Qi < > 1 2) :
=K;|\vy— =715 |, 1 €11,2}.
8]) z 0 p2 0 { }
These functions vanish for p = Z—g, which finishes our proof. ]

The matching rule can be alternatively written in terms of an optimum dilation factor (see (3.19)):

Ty g
Aopt = || — —
Op FO T07

where T¢ and FZ are the temporal and spectral moments of the reference window v(¢) (the optimum
window is then given by | /Gopiy(aopit)). It should be emphasized that according to our fundamental
matching rule the optimum window length depends both on the spectral and temporal variations of
the nonstationary process in a symmetrical manner. This fact is in obvious contradiction with the
usual rule of thumb where one selects the longest possible window such that the windowed part of
the process is approximately stationary. In this rule one completely disregards the spectral variations
(f-dependence of the time-varying spectrum) due to a temporal correlation of the process.

3.3.6 General Elliptical Symmetry and the Gaussian Window

We consider two positive, real-valued 2D functions C;(7,v) with elliptical symmetry as defined by

Ci(r,v) = C; ((710)2 + (%)Z)) , ie{1,2). (3.21)

When we insert such functions into the window optimization criteria (3.8),
Yopt,2 = arg max <C1, |Ag°‘)|2> subject to vl =1,
and (3.12) specialized to o = 0:
Yopt,3 = arg m;yamx <Cg, A(VO)> subject to vl =1,

then, one can find the Gaussian pulse with matched duration as an — at least local — optimum of
the window optimization problem (other local optima are the Hermite functions of order k > 2 which
do not establish a useful STFT window):

/Yopt,Z(t) = /Yopt,?;(t)‘azo = QF,Y/T,YB_T(F'Y/T’Y)tQ,

where T and F2 are the spectral and temporal moments defined according to (F.30), (F.31). Here,
the matching rule (3.20) holds exactly and remains valid for the case of overspread processes

T, T
F,y %1} '

For the case of 7453 with a = 0 this is essentially well-known [371, 339]. However, for the (a-
independent) v,,¢,2 we are not aware of existing analytical results. We now show that the Hermite



3.3 SPECTRAL ESTIMATION AND THE SPECTROGRAM 47

functions with matched scale satisfy the necessary condition equation of a Lagrange function corre-
sponding to the constrained optimization problem leading to v,y 2.

Proof: The proof is based on the fact that [371, 125] any function C(7,v) € La(R2?) with elliptical
symmetry defined as in (3.21) can be expanded into a weighted sum of the (auto—)ambiguity functions

Clr,v) = i ag Ap, (7, V), (3.22)
k=1

where hy(t) denotes the orthonormal Hermite function of order & with matched duration [1]

2vp 1 (=1 \" () d" -2x(20)e
— g2 (L o)L TR )" 2
(t) = {2 \/H(NE) e e (3.23)

We now perform a variational calculus using the orthonormal basis of the matched Hermite functions.
We can write the prototype signal v(t) € Ly(R) via the coefficients g(k) € I2(Z):

A1) = 3 g(k)het) with g(k) = (g, he)
k=1

The squared magnitude of the ambiguity function of g(¢) can be written in terms of the cross—ambiguity
functions of the Hermite functions hy(¢) and the coefficients g(k)

Ay (r )P =303 30 3 aB)g (D9 )g* (1) Ay (7,0) A, 1y (7,0). (3.24)

The autoambiguity functions Ay, p, (7,v) def Ay, (1,v) of the Hermite functions are real-valued and
given by Laguerre functions of (72 + v/2):

Ap, (T,v) = 6_(7T/2)r2Lk(7r1“2), with r? = 12402 (3.25)
where Ly (z) are the Laguerre polynomials [1]:

e Ok (=)

=0

(The general cross—ambiguity functions of the Hermite functions are complex—valued and given by the
generalized Laguerre functions.) We incorporate the side constraint using the method of Lagrange (p
is the Lagrange multiplier)

o0

J = i > i i 9(k)g*(1)g™ (k) g(I")Q(k, 1K', I') — p (i g(k)g* (k) — 1) : (3.26)
k=1

k=1l=1k'=11'=1

where we have introduced the short notation

def *
QUk, 1,111y & / / C(7,0) Apy (1, 0) Af 4 (7, 0)d dv (3.27)
The gradient w.r.t. ¢g*(m) is then given by

=33 > gk)g* (KNg(QUk,m K1) + >3 g(k)g* (g1 Q(k, I,m,I') — pg(m)
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We have to show that g(m) = 0,y gives a stationary point of .J, i.e., 89‘3(Jm) = 0, we have the necessary

condition

Q(nv m,mn, TL) + Q(n7 n,m, n) = pamn
Since we know that the auto—ambiguity functions are real-valued (see (3.25)) and with
Az y (r,v) = A;x(T, V)
we have immediately
Q(n7 m? n7 n) = Q(n7 n? m? n)'

Hence, it remains to show that (with arbitrary p)
Q(nv m,n, n) = 2p0mn.

To see that this is indeed true, we have to analyze Q(n,m,n,n) in more detail, one has (see (3.27))

Q(n,m,n,n) = //C(T, V) An, b (T,V)Ap,, (T,v)dTdy.

The function C(7,v)Ap, (T,v) obviously satisfies the elliptical symmetry condition (3.21) such accord-
ing to (3.22) we can expand this function into auto-ambiguity functions:

C(TI/AhnTI/ ZbkAhk T,V

Now, by using the well-known fact [371]

(Asy, Agn) = (2, 9)(h,y)-

we can finish our proof:

[ee]

Q(nvmvnvn Z bk: AhkaAhn,hm = Z hk:7 hmvhk> = bn(smn

3.3.7 Discussion

In the previous chapter we have seen that, for underspread processes, the prominent window—independent
definitions of a time—varying power spectrum lead to essentially equivalent results (see (2.76)). Con-
cluding this section on time—varying spectrum estimation we can state that for underspread processes
the matched window spectrogram provides a satisfactory estimate of this essentially unique spectrum.
Here, the qualification satisfactory is to be understood in a twofold sense:

e First, considering the spectrogram as an estimator of the generalized Wigner distribution, the
bias using the matched window is comparatively small. As a quantitative example consider
a strongly underspread process with rectangular support of the expected ambiguity function.
Here, the maximum bias can be bounded as (see (3.11))

2 3
[BSE] < IRa | e = AP < IRa 1= (rov)? < 1

approximately valid for mgvg < 1 with the approximations as discussed in Section 3.3.5.
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Proof: We assume a matched, time—bandwidth efficient window with temporal moment T3 and

spectral moment F72 such that

T. T
T,F, ~ 1 and oD
Fp), 1Z0]

T 14

— 2= and ==
Vo 70

and hence using the Taylor expansion of the ambiguity function:

‘Xx—Aga)sz /TO 7)

—T70 —Vo

1 2 22
— (F272 +T2V2) drdv < (—) (Tovp)3.
2m s

e Second, presupposing knowledge of a spreading constraint, the physical spectrum (expected
spectogram) is a complete second order statistic of an underspread process (which is not true
for a general nonstationary process). One can switch to a unitary representation of R, via a
minimum-norm deconvolution in the (¢, f)-domain that is equivalent to a stable division in the

(1, v)—domain:
(fHfojTESPEcI) (1,v) )
(o) s AT )T >
EAa:a (7—7 U) = A'(ya)*(T, I/) (328)
0, |4y <e

Note that based on an even only coarsely matched window one has
A, (1, 0)]* > € wherever EA,(r,v) >0,

such that the minimum-norm deconvolution (3.28) works without error. This fact is illustrated

in Figure 3.1.

(b) (©)

Figure 3.1: Schematic illustration of FA,(r,v) and A, (7,v) for matched/mismatched situations: (a)
matched ~, (b) "long” window, (¢) "short” window.

As a last remark we remind the reader that this discussion was devoted to a mere consideration
of the bias of spectrogram based spectrum estimation. For strongly underspread processes, variance
reduction in the spectrum estimation leads to multi-window spectrograms as discussed in Section 3.5.
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3.4 Optimal Gabor Expansion

The short-time Fourier transform is a highly redundant signal representation and with our main
objective — obtaining uncorrelated coefficients — time—frequency discretization comes up naturally.

The Gabor coefficients can be defined by sampling the STFT on a rectangular grid. Hence, we
expect that the statistically optimum STFT window is a good Gabor analysis window too; but in
general it is certainly not the optimum window. Moreover, in the discrete case the analysis window
~(t) is not the only free parameter, rather we have to select the sampling periods T', F' and the sampling
offsets 7,, v,. The consideration of the sampling offsets will be a crucial point in our derivation of the
optimum Gabor expansion. We define the Gabor coefficients as:

GOV (1, m) / 2(s)7* (s — IT + )27 mF=v)s g (3.29)
S
with
“’YH:L l,meZ, OSTp<T7 OSI/p<F.

The reconstruction is given by

x(t) =3 > GO m)g (1),

l m

where g(t) is the so—called Gabor synthesis window. In this chapter, the focus is on the design of
the analysis window 7(¢). The problem of finding the synthesis window to a given analysis window is
equivalent to the design problem of the analysis window for a given synthesis window. This problem
has attracted considerable interest in recent years [366, 108, 37, 181, 72, 114], we shall return to this
point in the following chapter, Section 4.5.2.

3.4.1 Statistics of the Gabor Expansion

For a zero—mean process x(t) the Gabor coefficients form a two—dimensional discrete random process
with zero mean

E{G0)(1,m)} =0 for E{z(t)} = 0.
The correlation of the Gabor coeflicients is a four—dimensional discrete function:
RGV(Lom. 1) S B{GE(1m) GO (1, m) }

Just as in the STFT case we express the Gabor coefficient correlation in terms of the ambiguity
function of the window and the expected ambiguity function (EAF) of the process:

R(Cf,w(lvmvllaml> - //EAJ:(Ta V)A: (T - (l - l’)ij - (m B mI)F)

T UV

(3.30)
32l (v—(m—m!) F)(IT=7,)=7(m' F=v,)] 1. .

Global Coefficient Correlation. Similar to (3.2) we measure the global correlation of the Gabor
expansion via an off-diagonal norm

Mgrajgo)r,S(T’ F’ Tp> Up) = Z Z Z Z ‘R(C?‘Y) (l7 m, llv ml)
l

m " m!

2
S(I—1'ym—-m'),

where S(I,m) is a radially nondecreasing weight function with

$(0,0) =0, 0<S(l,m)<1.
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Based on (3.30) we start with a complicated expression for the global Gabor correlation:

Méabo)rS(T F,1y,1p) = ZZZZS (Iy,mq) ////EA (t1,v1)EAL (T2, 19)

UL T U
Ay (m —UT, vy —m F) A% (ro —4T,v1 — My F)
eI 2nl(1—v2)(IT—7p)—(n—m2)((m+m)F—vp)l 41 duy dry dus.
Using twice Poisson’s sum formula:
. m
St = 235 (== ).
and ) I
Ze]”ﬁ T2)m 25(71_7—2_?)’

leads to

MéabﬁrS(TFTpan TFZZZZSllva //EA T, v)EAL(T — E,v — T2)

1 mi1 [y m2

(3.31)
Ay(r=UT,v—m F) AL (1 = LT — Z,v—m F — eszw(%Ter%”P)deV.
T
The general statistical optimization of the Gabor expansion in the form of
(v, T, F,1p, yp)opt = arg min(%T’F,Tp’Vp)MéabgrS(T F,71,,vp) subject to vl =1,
(3.32)

is obviously too complicated for a numerical solution. However, the dependence on the sampling offsets
is undesirable as in the on—line implementation of the Gabor expansion as a multirate filter bank it is
not realistic to match the sampling offsets to the statistics of long natural signals. We thus perform a
usual “randomization” step in order to match the window w.r.t. the whole ensemble of possible Gabor
grid positions.

3.4.2 Random Offset Averaging

We assume that both the time and frequency sampling offset are uniformly distributed over their
admissible intervals, i.e.,

1 1

pr,(€) = fX[o,T](f) and P, (§) = fX[o,F](f)a (3.33)

where p., (£) and p,,(§) are the probability density functions of the random variables 7, and .
Averaging the global coefficient correlation w.r.t. the uniformly distributed sampling offsets yields a
considerable simplification:

def
M(GGb())TS(T F) - E(Tp,’/p) {Méabtzr S(T F, Tpayp)}
T
1
- ﬁ / / GaborS T F7§17§2>d§1 d§2
&1=0£,=0

- TFZZS(l,m)/ /|EAI(T,I/)|2|A7(T—lT,I/—mF)|2d7'd1/, (3.34)
l m

— 00 —00
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where we have used the fact that

T
P2 T ) gy = 80 and

0

1
T
&1

'11 |

F
/ 2778 gy = Gy,

Based on the offset—averaged version of the global Gabor correlation the remaining optimization
problem can be formulated as:

o o0
2
(3T )y = g, 1ain / /|A7 ) RIEAT (1) drdv,  subject to ||| = 1,
VS (3.35)

where we have introduced a weighted—periodized version of the magnitude-squared EAF:

2
|EA )(7'1/ def ZZSZm|EA (1 —IT,v —mF)[%.

l m

Although the optimization problem is now considerably simplified compared to its original setup
(3.32) it is still too complicated for numerical optimization with reasonable expense. As a further step
towards a tractable window optimization problem we restrict ourselves to underspread processes and
we suggest the heuristic choice of a matched grid as discussed in the following section. That is, first
we determine T" and F' and then we optimize ().

3.4.3 Matched Sampling Grid

The choice of an appropriate sampling grid (as determined by 7" and F') is basically a two-parameter
problem. In our context, it is best divided into the determination of TF and T/F.

The product T'F has to be considered as an a prior: side constraint because within the statistical
optimization framework the product should be as large as possible (a higher sampling density always
increases the global correlation), while from a signal reconstruction point of view it should be small
with the upper bound TF = 1 [173]. In order to fulfill the reconstruction condition we henceforth
assume TF = 1 — € with small e.

In the statistical optimization of the Gabor expansion it is the grid ratio T'/F which has to be
matched to the process. Given an underspread process with 7y and vy we propose a matched sampling
grid ratio in the form

T 70
F - w (3.36)

but we have no mathematical proof for its optimality. Rather, we provide various heuristic lines of
argumentation that all lead to this specific grid ratio (3.36).

Via Frame Theory. In our first approach, we start with the matched Gaussian window for STFT-
based representation of an underspread process, as discussed in Section 3.3.6 one has:

. T. T
Vopt,sTET(t) = {/2F, [/ Tye ™"/ TE, with 7= =, (3.37)
Y

40

where TAf,FAY2 are the spectral and temporal moments of the Gaussian window and 79,1y are the
temporal and spectral correlation width of the given underspread process. Now, one way of deriving
the matched grid ratio is to match the Gabor grid to the matched Gaussian window (3.37) via frame
theory.
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A brief review of frame theory can be found in [68, 37]. We here just mention the basic definition
of a Weyl-Heisenberg frame.

Definition. The set v(T™F) () = ~(t — IT)el2™Ft establishes o Weyl-Heisenberg frame whenever
the following inequality holds with 0 < A < B < o0,

2
Alll? < 323 AT < Bl (3.38)
I m

A and B are called lower and upper frame bound.

A measure for the goodness of the frame is B/A — 1, which should be as small as possible. Clearly,
for a given window the frame bounds depend on the choice of the grid ratio. It has been shown both
numerically [68] and theoretically [347, 348] that, given the Gaussian window (3.37), the optimum
grid ratio is given by:

T T,
F™F
which in turn corroborates our definition (3.36).

Via Symbolic Calculus. Another motivation for our matched grid ratio definition comes directly
from the stochastic sampling principle as discussed in Section 2.5.2. There, we have shown that
for an underspread process any of the previously discussed classical definitions of a time—varying
spectrum (generalized Wigner—Ville, physical and Priestley’s evolutionary spectrum) leads to a 2D
lowpass function which is uniquely characterized by its samples on a rectangular grid, with the grid
ratio given by the matching rule (3.36). This clearly shows that the matched grid ratio is a natural,
window—independent quantity of an underspread process.

Via Residual Global Correlation. A more intuitive, but coarser way of reasoning starts with the
assumption of a rectangular support of the EAF with critical spread orp = 1/4. Recall that the
(offset averaged) global coefficient correlation is given by the inner product of the “aliased” version of
the EAF and the magnitude squared ambiguity function of the Gabor coefficients:

—(x, ~ (T\F)?
MG (T F) = (1BAT] 4.

The ambiguity function of a useful window is well concentrated about the origin. With this fact in

~ (T,F),>2
mind it is obvious that one has to prefer a grid ratio such that |EA§E )| leaves enough space for

the ambiguity function of the window which in turn causes less global correlation. The situation is

illustrated in Figure 3.2. The area of the largest rectangle that fits into the centered gap between the

(T,F) >

nearest terms of [EA, | is given by

A= 4(F - Ug)(T - To).

It is simple to show that maximizing the area of the gap rectangle leads again to the matched grid
ratio:

(7). ===
— =argmin A = —.
F opt (%) 4]

3.4.4 Alternative Derivation for Underspread Processes

It is interesting to note that based upon the three practically reasonable assumptions of :

1. an underspread process,
Tovp < 1/4,
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Figure 3.2: Schematic illustration of the modified magnitude—squared EAF, |EA§ET’F) (7,v)|? of a process
with compactly supported EAF.

2. overcritical sampling, i.e.,

TF <1,

3. the choice of the matched sampling grid
T 70
F B 7/0‘

one can avoid the offsets averaging argument (3.33)—(3.35) by recognizing that*

ll !
v = ) = [BA(r.0) Pbroboo (3.39)

EA,(r,1)EA, (7 —
(r,v) (T T

This is exactly the “anti-aliasing condition” for sampling the generalized Wigner—Ville spectrum
on a grid with constants T and F. Using (3.39) in Equation (3.31) leads exactly to the simplified
expression for the global correlation (3.34) which has been derived in Section 3.4.2 via the offset
averaging argument.

3.4.5 The Optimum Window

With the choice of a matched sampling grid according to (3.36) the statistical optimization of the
Gabor expansion amounts to the following window optimization problem:

AP e :
Yopt,G = argmin ‘EA:D A7), subject to IVl = 1.
However, since
(LA =1 for  |yl=1,

4This is the already published original approach of the author [206].
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one has (we slightly abuse the inner product notation)

2

arg min < ‘EA;T’F) (1,v)
ol

7|A’Y(7-7V)|2> = argm,yax<1 - ‘E'A:(E 1 (T,I/)

subject to V|l =1

which finally allows to formulate the Gabor analysis window optimization problem as follows:

(T,F) 2

Yopt,G = argmin <1 — ‘EAI " (T, v)
gl

’ |A’Y(7-7 V)|2> )

(3.40)
subject to Iv|? = 1.

In this form the optimization problem is structurally equivalent to the statistical window optimization
for the STFT Eq. (3.6).

3.4.6 Approximate Solutions

One may expect that the optimum STFT window is also a good Gabor analysis window. We show
this fact by approximate reasoning. For the simplicity of the following discussion we assume the sharp
off-diagonal weight function S(I,m) = 1 — 0;900m0. Note that for approximately critical sampling

TF =1 — e and underspread processes, it is the nearest neighbor correlation (R(I’V) (I,m,l',;m') with
|l = U'|lm —m/| <1) that will be dominant in the off-diagonal norm such that a more general weight
function would not make considerable difference.

Matched Oversampling. The existence of simple, approximate results for the optimum Gabor
analysis window is restricted to underspread processes with rectangular constraint, i.e.,

1
EA,(t,v) = xx(T,v) = X[_TO’TO](T)X[_WWO}(V) and Tovp < i (3.41)
Under the assumption of “matched oversampling” in the form of

T = 27, F =2y, (3.42)

- =—, TF =4y < 1.

one has simply (see Fig. 3.2):

1—22)@(7’ —IT,v —mF) = x,(1,v)
[ m
such that the optimum STFT window is equivalent to the optimum Gabor window:

—~ 2
Yopt,STFT = arg mgx <X:m|Av| >

= <1 =22 Xalr =IT,v —mF), |Av(7’”|2>

I m
= Yopt,G

We emphasize that this case is theoretically remarkable but it does not give any reason to prefer the
specific product TF = 47y1y. In fact, it is only for the critical spread morp = 1/4 that the grid of (3.42)
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is identical with the critical grid of the stochastic sampling principle. From our original motivation of
obtaining uncorrelated coefficients the product T'F should be kept as large as possible.

Note that once we omit the assumption of “matched oversampling” we still have the fact that due
to (3.41) one has

2
BATD () 2 S xalr — I, v — mF)(1 = 6190mo),
l m
: s (TR, .
such that the largest rectangle that fits into the centered gap of |[FA, =~ “(7,v)| has a length ratio
Tyap _1
Fgap 1Z1}

(see Figure 3.2, p. 54). The optimum window should have a maximum part of volume of |A. (7, v)[?
in such a centered rectangle. This allows to conclude that just as in the case of the STFT a coarse
matching of the window in the sense of keeping a constant shape and optimizing the scale (as discussed
in Section 3.3.5) may again be defined by

B
|

where T’$ and F$ are the temporal and spectral moments of the window.

Approximate Matching Via Symbolic Calculus. Similar to the STFT window optimization, an
abstract mathematical view gives an approximate low—cost window design criterion.

The stochastic sampling principle (as discussed in Section 2.5.2) leads to a discrete Weyl-Heisenberg
expansion of a correlation operator

R, = > EWIT,mF)PIT™) (), (3.43)
l m

where the prototype operator is uniquely defined for the choice of the critical sampling grid T =

%,F = ZL On the other hand, the Karhunen-Loeve based operator decomposition is given by
0 70

R, =Y MPy,. (3.44)
k

where P, is the rank—one projection operator onto the KL basis signals u(t).
Now, an ideally decorrelating Gabor expansion must be equivalent to the KL expansion such that
one has a structured version of (3.44) in the form of:

R, ZY S FE {‘Ggﬂ(l, m)‘Z} piTme) (3.45)
I m

where the expectation of the magnitude squared Gabor coefficients would play the role of the KL
eigenvalues.

The structural equivalence of (3.43) and (3.45) suggests a heuristic matching by selecting that +
whose rank—one projection is closest to the prototype operator. This is just the already mentioned
a—dependent window optimization criterion ~y,,: > defined as:

Yotz = arg min|[P(a) — P | = argmax (o, A subject to [ =1.
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3.4.7 Discussion

The adaptation of the Gabor expansion to the second order statistic of a nonstationary process shows
quite similar aspects as discussed for the corresponding STFT problem.

We have a twofold ambiguity, both the window and the process appear in the form of their
magnitude-squared ambiguity function. The ambiguity of the optimum window is only a minor prac-
tical problem while the ambiguity w.r.t. the process is one of the fundamental practical advantages of
the Gabor expansion compared to the KL transform.

To see this, recall that incomplete a priori knowledge prevents the application of the Karhunen—
Loeve transform. But the magnitude-squared EAF of the process (as it appears in the Gabor window
optimization criterion) is in fact an incomplete a priori knowledge of a correlation kernel. Moreover,
even if we assume the mere knowledge of a quasistationarity condition as can be made mathematically
precise by an indicator function of the essential support of EA, (7, ), it is natural to replace |E A, (7, v)|
by the indicator function y,(7,v) in the Gabor window optimization problem. Thus, one can obtain
an approximate diagonalization of any underspread correlation operator via the matched Gabor trans-
form in a case where lack of a priori knowledge completely prevents the use of the Karhunen—Loeve
transform.

It is beyond the scope of this work to give an experimental verification of the notion of a slowly
time—varying process as a model for natural signals. We emphasize however that existing source coding
concepts whether they are linear prediction based or transform coding rely on (or are explained by) the
concept of slow nonstationarity. The present work may thus be seen as a contribution towards a better
understanding of the existing concepts. Clearly, the window optimization theory shows that a precise
description of slow nonstationarity requires knowledge of both the temporal and spectral fluctuations
present in the process’ second order statistic.

3.5 Extension to Matched Multi-Window Expansions

In the statistical optimization of the Gabor expansion we have encountered a deterministic and stochas-
tic (Weyl-Heisenberg) sampling principle:

e The signal can be uniquely reconstructed from the samples of the STFT STFT. ;,E”) (¢,f) on a

rectangular grid with
TF < 1.

See [125, 68, 37| for mathematical details about this problem.

e The second order statistic of a process with restricted spreading is characterized by the samples
of the generalized Wigner—Ville spectrum EW (t, f) on a rectangular lattice with 7' < ﬁ and

F < %, thus for an underspread process one has

TF > 1.

The obvious incompatibility of these sampling principles is not only theoretically unsatisfactory
but also a problem in potential applications of time—varying spectra. In a source coding application,
the estimate of the time-varying spectrum should control the bit allocation for the quantization of the
Gabor coefficients. Another example is nonstationary minimum mean-squared error (Wiener) filtering,
where it would be natural to use one and the same time-frequency grid for both the estimation and
the filtering. The most convenient way out of this fundamental incompatibility is the employment of
multi-window expansions as originally introduced by Thompson (for stationary spectrum estimation)
[345].

Given a family of orthonormal analysis windows {7 (t) }x=1,....y we define the multi-window Gabor
coefficients by:

Go(l,m, k) = <x,7,(jT’mF)> k=1,..,N;l,meZ,
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where we assume that the expansion set WI(CZT’mF) is complete which seems to be possible for

TF < N.

The signal expansion is then based on a corresponding family of synthesis windows {gx(t) }r=1, .~

ZZZG leF)(t).

m k=1

As to the choice of the analysis window family, it is obvious that a reformulation of the window
matching theory via an off-diagonal norm minimization is too complicated to lead to practically
useful results. However, by considering the multi-window Gabor coefficients as point estimates of
the generalized Wigner—Ville spectrum we can obtain a tractable window matching criterion just as
a natural generalization of the STFT/Gabor window matching via “symbolic calculus” (see Sections
3.3.4 and 3.4.6).

One can write

W) = S o0 = [P = (2 ),

where Py is the rank—N projection onto the span of the windows {~}:

N
(Pw) (t,5) = S w(t)vi(s).
k=1

For the statistical derivation we refer the reader to the Appendix D, we here discuss the matching
via symbolic calculus for underspread processes. Due to the stochastic sampling principle we have a
discrete Weyl-Heisenberg expansion in the form of:

R, =Y > EWS 1T, mF)PIT™)(q).

It can be shown (Appendix D) that P(«) is essentially the characteristic operator of the MVUB
estimator of EW." (t f):

EW S vos(t. ) = (PO (@)z,2).

For the sake of simplicity we narrow the discussion to the case a = 0, here the prototype operator is
self-adjoint and admits the usual eigendecomposition:

k=1

where Py, is the rank-one projection onto the eigensignals w(t) and A, are the eigenvalues. We
furthermore assume that the eigenvalues are arranged in order of non—increasing magnitude. It should
be emphasized that these eigenexpansion is in general completely different from the process’ KL
expansion (eigenexpansion of the correlation operator). The optimum window set is given by the first
N eigensignals of the prototype operator, which is equivalent to saying that the optimum rank-N
projection estimator of the Wigner—Ville spectrum is based on the following prototype operator:

N
PN,opt = Z Pﬂk
k=1

The rank is selected such that it exceeds the area of the stochastic sampling grid
1

=TF.
4:7'07/0

N >

We see at least two potential applications for such multi—-window methods:
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o Multiwindow Subband Coding of Underspread Processes. The basic structure is similar to the
usual single window transform coder consisting of an analysis step, followed by quantization and

synthesis.
STFT > » ISTFT
vy . .U |
Samp-
ling
STFT > » ISTFT ~
x(7) > > & > > x(7)
VZ » » 1/[2
Quan-
tization
STFT > » ISTFT
. V3 l > > Uz
12l rtt
" Adapt.
MG »  Bit
i > Alloc.
2

Figure 3.3: Multiwindow realization of subband coder.

The main difference lies in the bit allocation which is performed according to the estimate of
the generalized Wigner—Ville spectrum thus on a considerably coarser grid compared to the
usual Gabor based transform coder. This means reduced overhead information in adaptive bit
allocation schemes.

We emphasize that the classical bit allocation scheme (averaging the coefficient energy over a
number of successive blocks in order to obtain an estimate of the power in each channel) may
be reinterpreted in terms of the proposed multi—-window scheme by regarding the rectangular
windows of succesive blocks as a trivial (time—disjoint) family of orthogonal windows.

o Minimum Mean—Squared Error Filtering. The nonstationary MMSE filter for jointly under-
spread signal and noise leads to an underspread LTV system [199]. As discussed in the next
chapter one can use one and the same set of windows for the estimation and the filtering. The
filter itself is a multirate-multiwindow STF'T filter as has been originally proposed by the author
[205] for the realization of underspread filters.

3.6 Numerical Experiments

In the following numerical experiments we consider the STFT window matching to a given determinis-
tic signal. For comparison we have computed spectrograms using windows with deliberately long/short
duration and a smoothed Wigner distribution based on a radially Gaussian smoothing kernel.

Figure 3.4 considers a combination of three chirp signals with equal chirp rate, but different am-
plitudes, contaminated by white Gaussian noise with resulting signal-to—noise ratio 0dB (the signal
and the noise have equal energy). In this specific case, the optimum window is a chirp which is no
traditional window function but matched to the signal at hand. Clearly, this is a best—case example
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for the window matching concept, because the signal consists of time—frequency shifted versions of
a well-concentrated “prototype” signal. However, the experiment demonstrates the noise robustness
of the window matching concept. Note that the window matching is based on the noisy observation
without further a priori knowledge. The noise robustness can be explained by the fact, that the noise
causes merely a (large peak) in the origin of the signal’s ambiguity function (see Fig. 3.4(j)) which
does not influence the window optimization procedure (any normalized window is equal to one in the
origin of the (7,v)—plane).

For the second experiment we have designed a signal that consists of components with quite
different, specific time—frequency structure: a frequency modulated signal with parabolic frequency
law, a “long” windowed sinusoid and a “short” Gaussian component centered between the other
components. In contrast to the above considered three—chirp example, the various components of this
signal would certainly require different window durations at different time—frequency localizations. Yet,
the global window optimization procedure leads to a satisfactory compromise between the conflicting
goals of representing the “short” Gaussian, the “long” sinusoidal component and the chirpy parts of
the frequency—modulated signal.

Last, we consider a voiced part of a speech signal. Speech signals are one of the best studied
“natural” signals. They feature quite complicated temporal and spectral structures. We consider a
voiced part of the speech signal which is almost periodic with a small number of dominant spectral
components. The period is called pitch and the spectral components are called formants. One of the
key issues in speech analysis is to keep track of both structures which led to the combined consideration
of “short-window” (wideband) and “long-window” (narrowband) spectrograms. The analyzed signal
includes two pitch periods. Figure 3.6 illustrates the zooming—in procedure that led to the signal at
hand. Using the “long” window blurs the pitch structure, see Fig. 3.6(c), while using the short window
the formant structure gets lost: Fig. 3.6(d). The optimum window spectrogram Fig. 3.6(e) shows a
good compromise between spectral and temporal resolution, it allows to recognize both the temporal
and spectral fine structure of the speech signal.

3.7 Summary

The short—time Fourier transform is a classical tool for the analysis and processing of signals that
can not be satisfactorily modeled as realizations of wide—sense stationary processes. In this chapter,
we have studied the second—order statistic of the STFT of a nonstationary process. Minimization of
a global STFT correlation measure leads to a window optimization criterion that is approximately
equivalent to window optimization criteria that aim at minimum local/global bias of the spectrogram as
an estimator of the generalized Wigner—Ville spectrum for underspread processes. The STFT window
optimization can be most compactly formulated by maximizing an inner product of the smoothed
expected ambiguity function (EAF) and the ambiguity function of the window:

Yopr = argmax (|BA " 4K, 1 4,7) . |l =1,

where the smoothing kernel K (7, 1) corresponds to the off—diagonal penalty function.
The Gabor window optimization can be formulated analogously:

2
EATD ()

x

. 2
'Yopt,Gza’rgn’}yln<1_ ,|A7(T,IJ)| >7 ||7|| =1,

where the smoothing of the STFT criterion is replaced by a weighted periodization (S(I, m) corresponds
to the off-diagonal penalty function, and T, F' are the sampling periods of the Gabor grid):

- 2
EATT (mo) SN S0, m)[EAL(r — 1T, 0 — mF)[.

l m
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In the matching of a Gabor expansion we have also considered the freedom in the choice of a (rectan-
gular) sampling grid.
For processes with finite temporal and spectral correlation,

EA, (Tv V) = EAx(Ta V) X[—TO,TO](T)X[—VO,VO](V)
we suggest the use of matched sampling grid whose ratio is given by

T 70
F I/()7

where 79, v denote the temporal/spectral correlation width (support constraints of the EAF) of the
process.

We have specialized the above window matching criteria to the one—parameter optimization for
specific (rectangular and elliptic) symmetry of the EAF, this leads to the intuitively appealing window

matching rule:

L _m

F’Y 140 ’
where T3 and F3 are the temporal and spectral moments of the window. Moreover, for underspread
processes (Torg < 1) we have seen that the matched window spectrogram achieves a low bias estimate
of the, essentially definition—independent, classical time—varying power spectra. Specifically, we have
shown that

2

HEWJ@ - ESPEcp)H =0 ((rom)?*).

Deterministic signals are always overspread processes. However, the numerical experiments of this
chapter indicate that the matched window spectrogram gives a highly satisfactory, adaptive time—
frequency representation, with no loss of structural information compared to a Wigner distribution
with supervised smoothing.

We have pointed out the natural extension of the window matching theory to multiwindow methods
for the representation of underspread processes. Loosely speaking, the main motivation for multiwin-
dow methods can be seen in the fact that the time—varying power spectrum of an underspread process
is so smooth that its reproducing kernel has essential rank greater than one. Hence, optimum esti-
mation and representation requires more than one matched window. This idea is consistent with but
more general than classical multiwindow methods for stationary spectral estimation.

o0
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Figure 3.4: TF representations of a “three chirps 4+ noise” signal. (a) signal x(t), (b) windows:
Yi(t) -+ “long”, ~s(t)--- “short”, ~,(t)---optimum, (c) spectrogram SPEC,(t, f) using ~(t), (d)
SPEC.(t, f) using ~s(t), (e) SPEC,(t, f) using v,(t), (f) smoothed WD. (g-j) Magnitude of am-
biguity functions: (g) A,,(7,v), (h) A, (1,v), (i) A, (1,v) (§) Ax(T, V).
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Figure 3.5: TF representations of “complicated” synthetic signal.
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Figure 3.6: Optimum window spectrogram versus other representations for two pitch periods of a
voiced speech signal. (a) The signal z(t), (b) the considered window functions: 7;(t)--- “long” win-
dow, 4(t) - - - “short” window, 7,(t) - - - optimum window, (c) spectrogram of x(¢) using ;(t), (d) spec-
trogram of x(t) using vs(t), (e) spectrogram of x(t) using v,(t), (f) smoothed Wigner distribution of
x(t). (g=j) Ambiguity functions of: (g) the “long” window ~;(¢), (h) the “short” window ~4(t), (i) the
optimum window 7, (), (j) the speech signal x(t).



Chapter 4

Matched Weyl-Heisenberg Expansions
of LTV Systems

Many aspects of the second order theory of nonstationary processes are mathematically equivalent
to linear system theory. This chapter gives a compact review of the joint time—frequency representa-
tions of linear time-varying (LTV) systems: The generalized spreading function, Zadeh’s time-varying
transfer function and the Weyl symbol. Particular emphasis is put on underspread LTV systems and
their analysis and realization via the short—time Fourier transform. The window matching theory as
discussed in the previous chapter is shown to be directly applicable.

We review the practically important concept of wide—sense stationary uncorrelated scattering (WS-
SUS) and show its invariance w.r.t. the parametrization of the generalized Weyl correspondence. Fi-
nally, we discuss a criterion for a transmission pulse with minimum expected distortion for the com-
munication over a Gaussian WSSUS channel. The mathematical structure turns out to be equivalent
to the statistical window matching theory for the STFT/Gabor transform.

4.1 Nonstationary Processes and Linear Systems

In the previous chapter we have matched the STFT (continuous Weyl-Heisenberg signal expansion)
and the Gabor expansion (discrete Weyl-Heisenberg expansion) to the second order statistics of a non-
stationary process. Reduced to a mathematical viewpoint, the key idea was the optimum approximate
diagonalization of a Hilbert—Schmidt operator via Weyl-Heisenberg structured bases. This suggests
to apply the obtained optimization criteria to linear time—varying (LTV) systems that correspond to
a linear operator H by just replacing the correlation operator R, by H. There are various different
motivations for this extension of the window matching theory:

e Any nonstationary process x(t) with given second order statistics R, can be seen as the output
of a linear time-varying innovations system H excited by white noise

x(t) = (Hn) (¢) with R, =1
The (non—unique) innovations system can be characterized by
R, = HH". (4.1)

The problem of defining an appropriate (time—frequency parametrized) time—varying spectrum
of x(t) as a linear representation of R, may accordingly be traced back to the representation of
H via a time—varying transfer function. Mathematically, these concepts are exactly equivalent.
The only difference lies in the fact that R, is an always positive operator while in practice H is
typically not even normal.

64
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e The short—time Fourier transform is a classical tool for both the representation and filtering of
nonstationary processes. It may be expected that one and the same window is optimum for both
the representation and the filtering of a process.

e In the digital communication over a linear channel it is natural to prefer transmission pulses
that come close to eigensignals of the channel. Whenever we consider time and frequency shifted
versions of a prototype transmission pulse (as e.g. in the practically predominant time/frequency
division multiplex systems) this leads back to the matching of a discrete Weyl-Heisenberg set in
the sense of optimum diagonalization of the channel.

Linear time—varying (LTV) systems appear in widespread applications. The choice of an appro-
priate mathematical representation of the system depends on the application. The vast literature on
this topic can be coarsely split up into the predominant model based state space approach and model
independent approaches via kernel representations. The kernel representation of deterministic and
stochastic LTV systems as developed by Zadeh, Kailath, Bello and others [385, 386, 190, 191, 29, 197]
provides the basis for our developments. A compact review of the fundamental theory can be found
in [334].

In a system theoretical context it is usual to call the kernel h(t,s) impulse response’ (the formal
explanation for this terminology is discussed in Appendix A); the input—output-relation based on
h(t,s) is given by

(Hz) (1) = / h(t, s)z(s)ds. (4.3)

The impulse response of an LTV system corresponds to the natural time—domain representation
of the input signal and the output signal. The Fourier dual of the impulse response is the frequency
domain kernel which is known as bifrequency function By (f,s) [385] and is defined by

(FHz) (f) = / By (f,5)X(s)ds. (4.4)
S
The bifrequency function is related to the impulse response via a symplectic Fourier transform

Bu(f,s) = / / h(t, r)e 32700 4t dy. (4.5)
t r

From an operator representation point of view, the impulse response and the bifrequency function
correspond to the temporal and spectral correlation function of a nonstationary process. For the
specific classes of linear systems considered in this work the bifrequency function does not play a
specifically helpful role. Rather, time—frequency parametrized representations are of key interest.
One can introduce time—frequency parametrization formally as kernels of integral operators essen-
tially analog to (4.3) and (4.4) (by representing either the output or the input signal in a different
domain). However, this point of view neither leads to theoretically useful system classification nor

'"We remind the reader that the term impulse response is not uniquely defined in the LTV system literature. In many
publications one considers ha(t,7) = h(t,t — 7) as the impulse response of an LTV system. The input—output relation
then reads

(Hz) (t) = /hz(t, )z (t — 7)dT, (4.2)

.

which is advantageous in so far as it provides a split—up in absolute time ¢ and time delay 7 (causal or memoryless
systems can be characterized merely by the 7—support of h2(t,7) which leads to more complicated conditions on h(t, s)).
We use definition (4.3) as its corresponds to the usual mathematical definition for the kernel of a linear integral operator;
the switch to ha(t,7) is trivial.



66 MATCHED WH EXPANSIONS OF LTV SYSTEMS

does it suggest practically efficient methods for system analysis and synthesis. Hence, we introduce
these classical representations in a more physically intuitive way. Moreover, the physical motivation
leads to an operator decomposition point of view in the sense of representing an LTV system by a
weighted, parallel combination of simple, well-understood building blocks. This approach is particu-
larly matched to the analysis and synthesis of underspread systems, to which the original results of
this chapter are devoted.

4.2 Spreading Functions

4.2.1 Time—Frequency Shifting of Signals
A general linear time-varying (LTV) operator potentially causes both time shifts (time delay), i.e.,
(Tra) (t) = x(t —7),
and frequency shifts (modulation), i.e.,
(M, z) (t) = (t)e??™.

Recall that these unitary operators correspond to the amplitude preserving physical effects of a time—
varying multipath propagation: time-delay and Doppler—shift*.

Whenever a linear operator does not cause any time shift then it is memoryless (linear, frequency—
invariant, briefly LFT) and whenever there are no potential frequency shifts then the operator is linear,
time—invariant (LTI). The only linear operator that does neither cause time nor frequency shifts is the
identity.

The combination of a time shift 7 and a frequency shift v leads to a unitary time—frequency shift
operator denoted by S(™) with the input—output relation given by

(S72) (1) & (M, Tra) (8) = (t — ). (46)

In the context of this work time and frequency play an equal role which becomes more obvious by
studying the input—output mapping via the spectrogram:
SPECY),, (t,f)=SPEC)(t — 1, f —v), (4.7)

that is, the time—frequency shift corresponds to a translation of the signal’s energetic time—frequency
representation.

4.2.2 Asymmetrical Spreading Function

The amount of potential time and frequency shifts caused by an LTV system H can be specified by
the asymmetrical spreading function (also known as delay—Doppler—spread function) [334]

52/2)(7', v) def /h(t,t—T)eijWtdt.
t

(The meaning of the superscript (1/2) will be clarified later.) The asymmetrical spreading function
establishes an infinitesimal decomposition of H into time—frequency shift operators as defined in (4.6):

(Hz) () = / / S/ (r,v) (S7)2) (1) dr dv (4.8)

= //52/2)(7', v)x(t —7)e?*>™dr dv,

2A general LTV system may cause frequency shift that is not due to a Doppler effect. In this work we refer to the
time—varying multipath propagation as an illustrative example with important practical background.
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which is well-defined whenever one has (i) x(t) € Lo(R) and (ii) h(t,s) € La(R?) (see [125, p.79,80])3.

Hence, the spreading function admits a point—wise physical interpretation as the path loss and
phase corresponding to a certain time-delay 7 and Doppler—shift v in a time—varying multipath envi-
ronment [197].

4.2.3 Generalized Spreading Function

The definition of a time-frequency shift operator is not unique. Instead of (4.6) one can equally well
put the frequency shift before the time shift which results in a different time—frequency shift operator
that acts as

(g(T,I/)I) (t) def (TTMVLL‘) (t) _ ac(t _ T)ejZTFV(th)'

More general time—frequency shift operators with identical time shift and frequency shift can be
obtained by arbitrarily splitting up and combining the time shift and the frequency shift. These time-
frequency shift operators differ only w.r.t. a time-independent phase factor, and (4.7) holds for any
version of a time—frequency shift operator.

Among this manifold of time—frequency shift operators there is one which is marked out by a
certain symmetry* [125],

(8C)x) (1) = w(t — 7)el™ =2 (4.9)
The corresponding spreading function is
SO (7 1) = / h (t + %,t - %) e 2ty (4.10)

and will be called symmetrical spreading function. Based on an a—parametrized time—frequency shift
operator with kernel

(8T (@) (t5) = b(t — 5 — 7)ed2mAtErlat/2] (4.11)

the symmetrical and asymmetrical spreading function can be written in a unified way: the generalized
spreading function is defined as

1 1 ;
Sg,l)(T, V) def /h (t + (5 — oz) T, t— <§ + oz) T) eI, (4.12)
t
A lexical summary of the properties and relations of the generalized spreading function can be found
in the Appendix B, we here mention only facts that are relevant for the specific context of this chapter.

System Decomposition. The generalized spreading function allows to characterize the action of a
general LTV system as a superposition of time—frequency shifts (generalization of (4.8)):

H= / / S (7,1)8) (a) dr dv, (4.13)

where the kernel of S(™") () is defined in (4.11).
a—invariance of Magnitude. The magnitude of the generalized spreading function is a—invariant:

[0 (r,w)| = [s52) ()|

3Specific systems with a non-square—integrable kernel can still be meaningfully characterized by the spreading function
with the help of distributions, but then validity of (4.8) requires more severe mathematical restrictions on the input signal.

4This time—frequency shift operator has been originally defined by Weyl who was led by group theoretical consider-
ations beyond the scope of this work. We mention this fact since later on one can observe the intimate relationship of
the symmetrical spreading function to the Weyl correspondence.
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this leads to a pleasing a—invariance of many important results.

Time—Frequency Correlation. The generalized spreading function of a correlation operator is
equivalent to the time—frequency correlation function (expected ambiguity function) of the process:

LTI System. An LTI system with kernel h(t,s) = h(t — s) does not cause any frequency shifts.
Accordingly, the generalized spreading function is ideally concentrated on the time axis:

S(a)

g (Tov) = h(7)3(v).
LFI System. In the dual case of an LFT system with kernel h(t,s) = 6(t — s)m(t) the generalized
spreading function is ideally concentrated on the frequency axis

S(a)

Hrprr

(r,v) = 6(m)M(v),

where M (v) is the Fourier transform of the multiplicator function m(t).

Figure 4.1 shows the support of the generalized spreading function for various important classes
of linear systems (underspread systems are the topic of the next section and time—frequency periodic
systems will be discussed in Section 4.5.2).

4.2.4 Underspread Systems

Analog to the underspread/overspread classification of nonstationary processes as introduced in the
previous chapter, we classify linear time-varying systems via a rectangular spreading constraint:

S (r,0) = S (7, 1) X001 (T) X[evo00] (V)5 (4.14)

where we call
def
ogH = 47'01/0

total spread. The total spread determines the conditioning of the least—squares identification problem
and the conceptual value of frequency domain methods in general:

1. The value o = 1 is a threshold for a variance—decreasing least—squares frequency—domain
system identification from input/output observation. A thorough discussion of the system iden-
tification problem is the topic of Appendix E. There it is shown that the variance of the optimum
transfer function estimator is proportional to op. (For oy = 1 the variance of the coefficient
estimate is equal to the SNR ratio of the output signal, i.e., loosely speaking, the system changes
so fast that there is no possibility for averaging without introducing bias.)

2. With regard to the conceptual value of frequency domain methods in general, the threshold
value o = 1 itself establishes a merely formal mathematical side constraint for the quantitative
results on underspread operators discussed in the next chapter. The derivation of the various
approximation bounds often requires oy < 1 but in order to have small error terms the spread
must be far below this threshold.

Hence, we define underspread systems analogously to underspread processes by
oy K 1.

This asymptotic classification is largely consistent with the original, qualitative definition of
underspread LTV systems in [197].
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Figure 4.1: Support of the spreading function for important classes of linear systems: (a) LTI system,
(b) LFI or memoryless system, (c) perfect reconstruction system (with time—delay 1), (d) time—
varying tapped delay line, (e) periodically time-varying system, (f) time-frequency periodic system
(e.g. Weyl-Heisenberg frame operator), (g) causal system with finite memory (limited time-delay),
(h) quasistationary system, (i) underspread system.

Underspread LTV systems play an important role in this work, the practical relevance can be split
up in two basic applications.

From a system analysis point of view we note that the time-varying communication channels as
encountered in mobile communication are in good approximation underspread [269]. Here, the limited
amount of Doppler shift is due to the limited velocity of the mobile radio station, while the maximum
time-delay can be pragmatically motivated by the path loss of the (passive) propagation channel.
Moreover, both from a practical and statistical point of view there is always an appropriate threshold
value beyond which one has to disregard existing (7, v)—contributions (point scatterers) of the channel.

We emphasize, that many other practically important linear systems are slowly time—varying with
limited memory (see [356, 240, 81] for control engineering examples). In fact, the key results of
this work establish a theoretical framework which should contribute to a better understanding why
frequency—domain concepts do work for underspread LTV systems although the frequency—domain
theory is matched to time—invariant systems.
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In the synthesis of filters for the enhancement of speech and audio signals it is natural to require
limited potential time or frequency shift since such signals are characterized by a specific temporally
localized frequency content, i.e., a noise reduction should take place in the form of time—frequency—
selective multiplication.

From a purely deterministic signal separation point of view one is led to the concept of “time-
frequency filtering” which can be performed most naturally by the modification of the signal’s time—
frequency representation followed by an appropriate signal synthesis [41]. Whenever the chosen signal
representation is quadratic, the overall filter is highly nonlinear. It has been shown that such non-
linear analysis—modification—synthesis schemes perform remarkably bad as compared to linear time—
frequency filters [205, 210]. Linear time—frequency filters can be defined by a time—varying transfer
function (Zadeh’s function or Weyl symbol, to be discussed in detail later on in this chapter). However,
qualitatively speaking, such a time—-frequency—parametrized transfer function must be smooth in order
to keep the intuitive transfer function interpretation. Now, a canonical way to enforce smoothness of
the system’s transfer function is the underspread condition (4.14) (because the transfer function is the
double Fourier transform of the spreading function).

Moreover, we shall see that any underspread system can be realized by multiplicative modification
of the short—time Fourier transform (STFT) provided that one uses an appropriate (even only coarsely
matched) window. This fact is in accordance with the experimental results presented in [210], which
show that the classical STFT-based time—frequency filters can hardly be outperformed by much more
complicated, off-line concepts for linear time—frequency filtering. It should be emphasized that the
STFT is the conceptual basis for many modern multirate signal processing concepts such as modulated
filter banks, generalized cosine transforms and lapped transforms [357]. From this point of view, the
presented theory may help to improve existing concepts for signal enhancement.

Also from a theoretical point of view underspread systems are worthwhile to study, we here mention
just two important qualitative properties (the mathematical details can be found in the following
chapter, specifically Theorem 5.2).

Approximate Commutativity. We call two underspread systems G, H with identical spreading
constraints jointly underspread. Jointly underspread systems commute in an approximate sense:

HG ~ GH. (4.15)

Approximate Normality. An underspread system is approximately normal:
HH* ~ H'H. (4.16)

Approximate normality means that we can write an underspread system with square—integrable im-
pulse response (i.e., an underspread Hilbert-Schmidt operator) as

H=~ ) APy, (4.17)
k

where P, is the rank—one projection operator onto the eigensignal uy(t). These eigensignals establish
an orthonormal basis for L2(R). The combined consideration of the commutativity and normality
allows the conclusion that jointly underspread operators possess a common (approximate) eigenbasis.
This thought leads back to the idea of approximate diagonalization as has been already elaborated for
correlation operators in the previous chapter. A correlation operator is positive and self-adjoint thus
a special case of a normal operator. This means that we can immediately apply our STFT/Gabor
window matching theory to the approximate diagonalization of general underspread HS operators. We
shall return to this point later on in this chapter.
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4.3 Weyl-Heisenberg Symbols of LTV Systems

4.3.1 Transfer Function of LTI System

As discussed at the outset of the foregoing chapter, the Fourier transform is matched to linear time—
invariant (LTT) operators. An LTT system acts as a convolution:

(Hpra) (1) = / h(r)a(t — 7)dr,

the complex sinusoids e(*) () = €727 are (generalized) eigensignals,
(HLTIB(V)) (t) = H(v)e™ (1),

where the transfer function H(f) = F,_ sh(7) is the continuous eigenvalue distribution®. This transfer
function establishes a powerful concept for the analysis and design of LTI systems. As an example we
mention the cascade composition of LTI systems where we have the well-known correspondence:

H;; =H H, = Hyo(f) = Hi(f)Ha(f). (4.18)

We emphasize that LTT systems are in fact a limit case of underspread systems featuring exact com-
mutativity and normality.
The transfer function of an LTI system can be formally written as,
(Hz) ()
H(f) = 50 - (4.19)
w(t) ly(t) = 2

Of course, (4.19) is of limited practical relevance. In particular, the practical approximation of (4.19)
establishes a very poor method for LTI system identification (transfer function measurement). Useful
system identification methods are based on Ly(R)—signals and lead more naturally to a generalization
towards LTV systems. We shall follow this idea in Section 4.4 where we study STFT-based system
analysis.

4.3.2 Zadeh’s Time—Varying Transfer Function

In a prominent work [385], Zadeh introduced a time—frequency—parametrized representation of an LTV
system by a direct generalization of (4.19):

Zu(t, f) < % —— (4.20)

In electrical engineering this function is widely known as time—varying transfer function [386, 190, 191,
29, 54, 336, 269]. In the special case of an LTI system, definition (4.20) trivially assures consistency
with the usual transfer function

Zhpr (b f) = H(f). (4.21)

Zadeh’s definition leads to an invertible map of the impulse response h(t, s) onto a joint function of
time and frequency®

Zu(t, f) = / h(t,t — r)e 27T dr. (4.22)

SMathematically precise: Approximate point spectrum, see the footnote on p. 1.
SFormally, Zadeh’s time—varying transfer function may also be seen as kernel of an integral operator that maps the
input spectrum onto the output signal (up to a complex factor):

(Ha) (1) = / Zun(t, )X (e df.
f
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However, the terminology of a time-varying “transfer function” is somewhat misleading as this function
satisfies besides (4.20) practically none of the properties of the LTT system’s transfer function. For
example, one clearly has for general LTV systems:

ZH12 (t, f) ;é ZHI (tv f)ZHz (t, f)7

because LTV systems do not commute in general.

It is interesting to note that in mathematics (theory of pseudo-differential operators) this function
was 15 years later independently introduced as Kohn-Nirenberg symbol of a linear operator [203, 125]7.

Recently, it has been recognized by the author [205] that Zadeh’s time—varying transfer function
can be related to quadratic time—frequency signal representations, namely the Rihaczek distribution
[302]

R(t.f) / (1) (t — 7)e~32I7 g
T

in the sense that

(Ha.o) = (ZuRa) = [ [ Zu(t DRS¢ f)de . (4.2
tf

This means, whenever R, (¢, f) is concentrated about a certain point (tg, fo) and x(t) is an eigensignal
of the operator then the values of Zadeh’s function in the region about (¢, fo) give a local information
about the eigenvalue. This is in accordance with the intuitive idea of a time—frequency—parametrized
eigenvalue distribution as a generalization of the frequency—parametrized transfer function of LTI
systems.

However, to have a reliable local eigenvalue interpretation R, (¢, f) should play the role of a positive
2D test function in (4.23). The quadratic form itself is always a reliable eigenvalue estimator in the
sense that (i) it is real-valued for self-adjoint systems, (ii) for self-adjoint systems one has®

Amin S <H$,$> S Amax for “'IH =1

Now, whenever the Rihaczek distribution of a (normalized) eigensignal shows oscillatory behavior
(with large imaginary or large negative, real-valued components) (4.23) remains valid but Zg(t, f)
can take on values which are far away from the true eigenvalue corresponding to this eigensignal”®. For
general LTV systems the consequence is that self-adjoint operators do not correspond to real-valued
symbols and Lo—stable systems may well correspond to unbounded symbols and vice versa [125]. In
particular, one can not study e.g. the (theoretical) Lo—invertibility of a general LTV system in terms
of the minimum of Zadeh’s function, because this minimum does not reflect the minimum eigenvalue
of the system (which would be true in case of LTI systems).

It is curious that Zadeh’s time—varying transfer function appears in all monographs on the mobile
radio channel but to our best knowledge there is no single work about its limitations. We shall however
show that in case of most practical time-varying communication channels one is in the lucky situation
that Zadeh’s function can be interpreted as an eigenvalue distribution with reasonable approximation,
i.e., one can study such critical things as e.g. channel invertibility using Zp (¢, f). Yet, one should be
aware that the frequency domain characterization of general LTV systems is essentially mismatched
and can only be justified by pragmatic reasoning.

Theoretically mismatched concepts always leave some mathematical freedom in the definitions.
While this is well-known for the case of stochastic time-varying power spectra (as discussed in the

"Note, however, that the work of Kohn and Nirenberg goes far beyond Zadeh’s results.

8These facts can be meaningfully generalized to normal non-selfadjoint systems but we concentrate on the self-adjoint
case for simplicity of the discussion.

90f course, one could equally well reverse this discussion in the sense of tracing back the inconsistency of the Rihaczek
distribution (as an “energy” distribution) to the problems of Zadeh’s function as an operator symbol. Rihaczek itself
did not seem to be aware that his definition is Zadeh’s function of the rank—one projection operator.
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previous chapter), this essential freedom seems to be widely unknown in the LTV system literature'?.

Within the general context of this work it is appropriate to discuss a mathematically attractive alter-
native to Zadeh'’s function: The Weyl symbol.

4.3.3 Weyl Symbol

The Rihaczek distribution has received only moderate attention in the signal processing literature due
to the inherent contradiction of a complex valued “energy” distribution. A more popular alternative
is the Wigner distribution [51, 159] (see Appendix F)

Wx(tvf) d:ef /x <t + %) xr* (t — %) e_jQﬂ—deT,

which is real-valued and leads to a much more satisfactory time—frequency representation of chirp
signals compared to the Rihaczek distribution. Reformulation of the quadratic form (4.23) based on
the signal’s Wigner distribution leads to the Weyl symbol Ly (t, f) [369, 277, 125, 327, 205, 293] of an
LTV system:

(Hx,x) = (LH7Wr> Z//LH(tvf)Wr(tvf)dtdf
t ¥

Lyt f) /h (t—i— %,t - %) eI2mIT g

z
The Wigner—Weyl framework originally appears in the area of phase space methods for quantum
mechanics [369]. The Weyl symbol has also been applied in modern statistics [276] and, even more
recently, the Weyl symbol was introduced in the signal processing literature [327, 205].

The Wigner distribution is somewhat more well-behaved as a time—frequency “energy distribution”

compared to the Rihaczek distribution, a fact that carries over to the properties of the Weyl symbol
in comparison to that of Zadeh’s function. The Weyl symbol features two main advantages:

e The Weyl symbol of a self-adjoint operator is real-valued (consistent with the eigenvalue distri-
bution interpretation) while Zadeh’s function is generally complex valued. This is mathemati-
cally equivalent to the fact that one can compute the Weyl symbol of the adjoint operator by a
simple conjugation:

Li-(t, f) = Liy(t. f). (4.24)

This property was one of the key ingredients in our proof of the asymptotic equivalence of the
classical time-varying power spectra for underspread processes (see Section 2.5.3).

e The celebrated performance of the Wigner distribution for chirp signals may be traced back to
the mathematical issue of unitary equivalence: That is, shearing or rotating a Wigner distribution
leads to a valid Wigner distribution of an (appropriately) modified signal, a fact that does not
hold true for the Rihaczek distribution. For the associated system representations this carries
over to the following facts: When the Weyl symbol of a system H gets subject to a symplectic

'%To be historically correct we should mention what Bello [29] has called frequency-dependent modulation function:

LGPt f) = Feogh (t+7,8)

(the superscript shall be explained in the following section). However, to the author’s best knowledge this function never
appeared elsewhere in the LTV system literature.



74 MATCHED WH EXPANSIONS OF LTV SYSTEMS

coordinate transform then one obtains a unitarily equivalent system H (the singular/eigenvalues
remain unchanged while the singular/eigensignals undergo a canonical unitary transform) [125]:
. b

Lz(t,f) = Lu(at+0bf,ct+df), with J

i3
H = UHU", with UU*=U*U=L

a
cC

‘zl.

This does not hold true for Zadeh’s function. For example, rotating Zadeh’s function leads to a
modification of the system’s singular values.

Note, that the eigenvalue distribution interpretation of a time-varying transfer function would
indeed require the general type of unitary equivalence as satisfied by the Weyl symbol. Hence,
loosely speaking, whenever an LTV system features “chirpy” eigensignals then one should prefer
the Weyl symbol compared to Zadeh’s function [205]. However, in this work we shall put the
focus on underspread systems in the sense of (4.14) where Zadeh’s function and the Weyl symbol
are essentially equivalent.

We henceforth treat Zadeh’s function and the Weyl symbol in parallel via the introduction of the
generalized Weyl symbol [205].

4.3.4 Generalized Weyl Symbol
The generalized Weyl symbol (GWS) is a unitary representation of Hilbert-Schmidt (HS) operators!!

defined as follows:
@ e 1 1 .
qu)(t,f) d:f /h(t+<§—a>7',t—<§+a>7->e J27rf’rd7_,

it gives the Weyl symbol for v = 0 [369, 125], Zadeh’s time—varying transfer function (Kohn—Nirenberg
symbol) for a = 1/2 [385, 125], and Bello’s “frequency—dependent modulation function” for o = —1/2
[29]. In the choice of the a—parametrization we were led by the definition of the generalized Wigner
distribution [176]

Wi, f) o /x (t + <% - oz) T) x* (t — <% + oz) T) e 12T qr.

Using the generalized Wigner distribution we have a GWS-based time—frequency formulation of the
quadratic form:

(Hz,z) = (L, W) (4.25)

We have already used the GWS in the foregoing chapter in our study of the generalized Wigner
distribution of stochastic processes. One has the formal equivalence:

L)t f) = B{w, )}

i.e., the GWS of a correlation operator is equivalent to the expected generalized Wigner distribution.
A lexical summary of the GWS properties can be found in the Appendix C, we here just mention
only a some formulas relevant for the context of STFT-based system analysis and synthesis.

Interrelation with Spreading Function. The GWS is the (symplectic) Fourier transform of the
generalized spreading function (as defined in (4.12))

L, f) = / / S (r)e N ar dy = FL Fe Ly {8 ()} (4.26)

UHilbert-Schmidt operators correspond to LTV systems with square integrable kernel (impulse response.)
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Hence, whenever the generalized spreading function is essentially concentrated about the origin, the
GWS is a two—dimensional lowpass function.

LTI System. For a linear time-invariant system with convolution type kernel h(t,s) = h(t — s) the
GWS gives the usual transfer function (Fourier transform of the operator’s impulse response):

L, f) = H(f) = (Fh) (f).

LFI System. In the dual case of a linear, frequency-invariant system (e.g. a linear modulator) with
distribution type impulse response h(t,s) = §(t — s)m(t) the GWS is frequency independent:

L, f) = m(t).

Normal HS Operator. The GWS of an LTV system which corresponds to a normal HS operator,
i.e.,, HH* = H*H is given by an eigenvalue-weighted sum of the generalized Wigner distribution of
the eigensignals:

L9t 1) = SN 1 ). (427)
k=1

This formula obviously shows how the intuitive interpretation of the GWS can be traced back to
the interpretation of the generalized Wigner distribution. Without anticipation of later developments
in this work, one can already expect troubles for those systems whose eigensignals show bad time-—
frequency localization, i.e., cover more than one “Heisenberg cell” (see the more detailed discussion in
Section 2.3.2, p. 14).

Time—Frequency Shift—Covariance. In Section 2.3.1 we have defined time—frequency shifting of
a system (linear operator) by!2
H(T,V) — S(T,I/)HS(T,V)*’

where S(™) is an arbitrary version of a time-frequency shift operator as defined in (4.11). Such
a time—frequency shift leaves the eigenvalues of H unchanged while the new eigensignals are just
time—frequency shifted versions of the original ones, i.e., given

(Hz) () = Aoz (t)
it follows that
(H2) (1) = Mgz (™) (8),

with
(™) (t) = z(t — 7)e? 2™,
Now, one of the fundamental properties of the GWS is its invariance w.r.t. a time—frequency shift

of systems, or to put it the other way around: a translation of the GWS leads to a corresponding
time—frequency shift of the eigensignals but leaves the eigenvalues of a normal HS operator unchanged:

Lol ) =Lt — . f —v). (4.28)

This property is fundamental for the interpretation and theoretical manipulation of the GWS, specif-
ically in the formulation of the stochastic WSSUS class. The time—frequency shift—covariance gives a

120Qur notation is somewhat ambiguous, since the superscript (7, ) has a completely different meaning depending on
the label of the operator. However, since we shall never need a time—frequency shift of the time—frequency shift operator
this ambiguity does not cause further complications.
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canonical example of unitary equivalent operators whose symbols are interrelated by a simple coordi-
nate transform of the time-frequency plane (namely a translation). Along with the discussion of the
Weyl symbol (« = 0) we have already mentioned that other more general forms of unitary equivalence
exist, which correspond to more general coordinate transforms of the symbol. However, the general
GWS family satisfies only the shift—covariance (4.28). The following two properties are immediate
consequences of this covariance.

Periodically Time—Varying Systems. A periodically time—varying linear system commutes with
time—shifts that are multiples of its time—period T [62], i.e., given

() =2t —IT), ez,

one has
(H2T)) (1) = (L) (¢ +1T).

Using our notation, this definition can be compactly formulated as:
Hs(lT,U) — S(lT’O)H.

This is equivalent to the following requirement for the kernel of H:

h(t,s) = h(t+1T,s +1T).
The GWS of such an operator is periodic w.r.t. time:

Lt f) = LG (¢ +1T, f), (4.29)
for v = 1/2 this result is well-known [54].
Time—Frequency Periodic Systems. Time—frequency periodic systems arise in the context of the

Gabor expansion as Weyl-Heisenberg frame operator and (near-perfect reconstruction) DFT filter
banks. Such systems correspond to operators which satisfy a canonical commutation relation:

HS(Tm) = gUTmI Yy | m e Z,

where T is the time period and F' is the frequency period of a time—frequency sampling grid. One can
show that such operators establish an algebra'.
The commutation relation is equivalent to the following kernel requirement:

h(t,s) = h(t+1T,s + lT)ejZTFmF(tfs).
We call such systems time—frequency periodic, because the GWS is doubly periodic:
100 = 101 ) o

The generalized Weyl correspondence is matched to the algebra of time—frequency periodic operators
in the sense of a Gelfand transform, because given two time-frequency periodic operators H,G one
has validity of the perfect symbol calculus for integer oversampling:

e, LD ) = Leh ),
1 1

for la] = = and TF = —, n € N.
2 n

13 Algebra implies in particular that this class of operators is closed w.r.t. composition or inversion. Time—frequency
periodic operators are “big” in the sense of being non—Hilbert—-Schmidt (thus non—compact), which means that they
basically fall out of our usual domain of the Weyl correspondence. A rigorous theory without the intuitively appealing
but slightly dangerous use of the generalized Weyl correspondence can be found in [181].
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It is curious that in this specific respect the Weyl symbol (o = 0) is inferior to the Kohn—Nirenberg
symbol in the sense that the perfect symbol calculus holds only for TF = % (This means in
particular that the Weyl symbol does not allow to study the specifically interesting case of critical
sampling, TF = 1.)

The Weyl-Heisenberg frame operator is defined as ((¢) is the prototype):

M»y dZGf Z Z S(lT’mF)P»YS(lT’mF)*.

m

where P, is the rank-one projection onto the prototype (Gabor analysis window):

(Py) (t,5) = ~(t)y"(s).

Validity of the symbol calculus suggests that the GWS indeed establishes the spectral representation
of the (non-compact) frame operator M,. Indeed, for TF = 1 (critical sampling) the GWS with
|a] = 1/2 is essentially equivalent to the magnitude—squared Zak transform of the prototype ~:

1/2 —1/2
L3P = L5 2 ) =T 12,0 1)
where the Zak transform is defined as [179, 37]

Z(t f) =D y(t+I1T)e 77T,
[

For integer oversampling and multiwindowing one ends up with formal short—cut derivations of well-
known results of Gabor theory [181, 393, 158] that support the fact that the GWS with |a| = 1/2
establishes the generalized eigenvalue distribution of the (self-adjoint, non—compact) frame operator
of integer—oversampled, generalized Weyl-Heisenberg frames. More details about this aspect of the
generalized Weyl correspondence will appear elsewhere [113].

Continuous Weyl-Heisenberg Expansion. In the engineering applications of the GWS, namely
as LTV system’s transfer function or time-varying stochastic signal spectrum we tend to interpret
the symbol as time—frequency—selective multiplier. Clearly, this interpretation is in conflict with
Heisenberg uncertainty, nevertheless one can formally write any HS operator in the form of what we
call a continuous Weyl-Heisenberg expansion:

H=t/f/Lg‘)(t,f)P(t’f)(a)dtdf, (4.31)

where P(«a) is an a—dependent infinitesimal prototype operator whose symbol is a 2D delta distribu-
tion:

L (& ) = 8(0)5(f).

A more detailed discussion of P(«) was the topic of Section 2.3.2. One may view P(«) as “ideal time—
frequency localizator”. However, the severe a—dependence reflects how the different correspondence
rules set up pragmatic definitions which, of course, can not overcome Heisenberg’s uncertainty.

We can formally write the GWS in the form of an operator inner product:

Ly (t.5) = (AP ().

Note that the generalized Wigner distribution can be written as a quadratic form based on just the
same prototype operator:

W, f) = (PO (), z),
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studying the action of P(«) is an easy way to explain the well-known, undesired behavior (“interference
terms”, [159]) of generalized Wigner distributions for natural signals.

The continuous Weyl-Heisenberg expansion (4.31) is the dual of the above discussed (7,v)-
parametrized expansion as induced by the generalized spreading function (4.13) :

H= / / S8 (7,1)8) (a) dr dv.

However, in contrast to the time—frequency shift operator s(rv )(a), which admits a clear physical
interpretation, the prototype operator P(«) is not at all an ideally time—frequency—selective projection
as our GWS interpretation would require. In the following section we will see that this lack of a useful
point—wise interpretation can be removed in the case of underspread systems.

4.3.5 Properties of the GWS of Underspread Systems

The action of a general LTV system may be divided in time—frequency shifting and time—frequency
selective multiplication, but it is only the latter effect that we take into account in our interpretation of
the GWS. Hence, it is near at hand to restrict the discussion to systems which do not cause considerable
time—frequency shifts. We have already specified this class via the underspread limitation (4.14). In
fact, one can show that the desirable properties of the GWS get approximately valid with decreasing
spreading product 7o '.

More mathematical details can be found in the following chapter, now we mention just the most
important properties of the GWS of underspread systems.

Discrete Weyl-Heisenberg Expansion. The Fourier relationship between the generalized spread-
ing function and the GWS (see (4.26)) allows to apply the sampling theorem for 2D functions to the
GWS of an underspread system. Accordingly, the GWS is uniquely characterized by its samples on
a rectangular grid with time-period T'= 1/2vy and frequency—period F' = 1/275. The reconstruction
equation of the GWS corresponds to what we call a discrete Weyl-Heisenberg expansion of the system:

H =33 1501, mF)PTm) (a). (4.32)
l m

where P(«) is an a—dependent prototype operator with sinc—type GWS (more details will be discussed
in Chapter 5, Section 5.2). Note that for the special case o = 1/2 this essential result was originally
published by Kailath in [190]. Such a discrete Weyl-Heisenberg expansion leads immediately to a
canonical realization of underspread LTV systems via multirate filter banks. We shall return to this
point when we study the STFT-based system realization.

Approximate a—invariance. The GWS of an underspread system is approximately a—invariant (for
a proof see the following chapter, Theorem 5.5):

LAt f) = L2 (8, ). (4.33)

Hence, when we treat underspread LTV systems, the choice of a particular o is a matter of conve-
nience. In a discrete implementation the choice o« = 1/2 is preferable as it carries over to a discrete
implementation.

Approximate Multiplicative Calculus. The GWS of the product of two jointly underspread
operators is approximately equal to the product of the GWS of the operators:

YTn this respect, the case o = 0 is marked out by the fact that one could admit more general definitions of under-
spread systems, i.e., defined by a sheared or rotated version of the rectangular constraint in (4.14). However, to the
author’s knowledge the doubly symmetric underspread support (4.14) covers the practically predominant applications:
Optimum filtering of natural signals and the slowly time—varying systems with limited memory. Moreover, in case of
“sheared/rotated underspread” systems one can easily return to the usual underspread theory by putting a “down—chirp”
and “up—chirp” multiplication/convolution before and after the system to be analyzed or synthesized.
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L) (6 f) = LY (6 LG (1, £). (4.34)

where the approximation gets better with decreasing spreading product rovg (for details see Chapter
5, Theorem 5.1). Approximate validity of the symbol calculus (4.34) is of fundamental importance
for the approximate equalization and inversion of underspread LTV systems and for the estimation of
underspread processes. It shows that it is the class of underspread systems where one can use Zadeh’s
time—varying transfer function in a way just as the conventional transfer function of LTT systems. As
an example consider a (zero—mean) underspread process x(t) applied to an underspread LTV system
H. The correlation operators of the input and output process are related as

Ry, = HR, H". (4.35)
Using the (4.33), (4.34) for « = 0 and

LY, f) = EWO@, 1),

) = 19w ),

allows to reformulate the operator relation (4.35) via time—frequency representations:
EWS ¢, 1)~ L@, ) EW@ (@ 4.36
H;p(vf)""’ H(vf) T (7f)a ( )

where the Lo/ Lo.—error of this approximation decreases with decreasing total spread of the process
and system, respectively.

Note that (4.36) is the time-frequency-parametrized generalization of the well-known relation for
stationary environments:

where S, (f) is the power spectrum of a stationary input process, H(f) is the transfer function of the
LTT system, and Sp.(f) is the power spectrum of the stationary output process.

Another important example is approximate operator inversion. The identity operator is “totally
underspread”,

SErv)y=6(r)sv) = I\t f) =1,

it is the neutral element of any class of jointly underspread operators. Hence, we can expect that the

following approximation holds
1

A,

Lt )

valid in a domain where the inverse symbol is bounded. Note, however, that the true inverse operator
of an underspread operator may typically not be underspread.

L)t ) ~

Approximate Eigenpairs. Any time—frequency shifted version of an appropriately time—frequency
localized prototype signal (t) is an approximate eigensignal of an underspread system H and the

(@)

generalized Weyl symbol L’ (¢, f) determines the corresponding eigenvalue:

where S(t/) is an arbitrarily defined time—frequency shift operator (any member of the family S/ («),
see (4.11)).



80 MATCHED WH EXPANSIONS OF LTV SYSTEMS

Appropriate localization of a prototype signal «(¢) can be specified, e.g., by our standard window

matching rule:

T, 1o

Fyw'
where T, is the temporal duration (square root of the second order temporal moment), F, denotes
the bandwidth (precisely the square-root of the second order spectral moment), and 79,y defined
the system’s spreading constraint as defined by (4.14). (The mathematical details can be found in

Chapter 5, Theorem 5.6.)

Supremum Norm. We have mentioned that the GWS of a general LTV system does not faithfully
reflect the maximum/minimum eigenvalues/singular values of a system, i.e., a positive operator may
correspond to a negative symbol and vice versa'®. However, the GWS of an underspread system gives
a reliable information on the maximum singular value, one has

0 2
[sup (L5t )2 = [HEIZ| < o (2 ak> ,

k=0

where p is a constant that gets smaller with decreasing total spread of the system and oy are the
operator’s singular values (for the proof of this statement we refer to Section 5.4.6).

4.4 STFT Based System Analysis

In the previous chapter, Section 3.3 we have seen that the short—time Fourier transform (STFT)

STETO (¢, f) / B(# ) (# = t)e T2 dt = (2,400
tl
leads to a satisfactory second order representation of underspread processes (in terms of the spectro-
gram) provided that one adapts the window length to the spreading constraint of the process. In view
of the mathematical equivalence of second—order process and LTV system representation, we expect

that these results carry over to STFT-based system analysis and design. Recall that we always assume
a normalized analysis window:

P = [ okae=1.
t

We start with the formal introduction of an STFT kernel kg;g)T(t, f,t', f) which defines a linear
integral operator that maps the STFT of the input signal onto the STFT of the output signal:

STFT)(t, f) = / / K (4 .4 f)STETO) (' f') dt' df
tl fl

5The operator norm ||H|| is defined as

Il sup{”ﬁ“:mﬂ} with [Jz]> = (2, 2).
X

In a system theoretic context such operators are called La—stable (finite energy input leads always to finite energy
output) whenever ||H||o is bounded. It is important to note that we deviate from the usual notation in the mathematics
literature, where “our” ||H||s is the standard operator norm, while the Hilbert—Schmidt norm is often denoted by ||H||zs
or by |||H]|||. Both norms are compatible with a signal’s Lo—norm in the sense that

1Hz|| < [[Hlloo [|z]] < |[H[|zrs]|z].
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the STFT kernel is thus given by:

krir(t 8 F) = (HY T //h (t1,to)y(ta — t)7* (ty — t)e 92 =M gty gty

t1 to

which is equivalent to computing the STFT of the output signal when ~(*"/") is the input signal:

KD (4, .4 f) = STFT;I w (s ).

By setting H = R, we have the formal equivalence with the correlation of the STFT of a zero—mean
nonstationary process as discussed in the foregoing chapter (see (2.44)):

Ra, ropl
kg = <Rw’Y(t ! )aV(t’f)> R (t .1, f).
This formal equivalence allows to utilize (2.46) by replacing EA,(1,v) by Sg/ 2)(7, v) such that we
have a useful expression for the STFT kernel in terms of the system’s spreading function and the
ambiguity function of the window:

Ksrir(t f,1 ) / / Sy () AVt —t — 1 f — [ = )TN g gy,
(4.37)

4.4.1 Short—Time Transfer Function

The STFT is a highly redundant, unique 2D linear signal representation, hence the STFT kernel
establishes a redundant, unique 4D linear representation of LTV systems. In practice this means
that the representation is too detailed to be useful. In fact, when we study time—frequency—selective
multiplication it is only the diagonal of the STFT—kernel we are basically interested in. (The off-
diagonal contributions essentially characterize the time-frequency displacement effects.) We call this
diagonal short-time transfer function, it is defined as

(1) = KGRt £t ) = (YD 400 = (H, P (4.38)

i.e., in practice, this means applying a time—frequency shifted version of a prototype signal at the input
and matched filtering of the output signal (P, is the rank-one projection onto the window function)!®.

Of course, the short—time transfer function does not give a necessarily unique representation of
a general LTV system. We can easily trace back this issue to the theory of underspread processes
using the fact that the short-time transfer function of a correlation operator is just the expected
spectrogram of the underlying process x(t) (see (3.9)):

T (¢, f) = ESPEC{)(t, f). (4.39)

Before we reformulate the window matching criterion we mention a few other properties of the
short—time transfer function (by the way of replacing R, by H we can exploit all STFT-relevant
results of the foregoing chapters).

Relation to the Generalized Weyl Symbol. The short-time transfer function of a system can
be written as smoothed version of the system’s generalized Weyl symbol (GWS) where the smoothing

'8Tn the mathematical physics literature an operator quantization of the form
a(p) = (Hy",7)

is called Berezin symbol [274] or also lower symbol [305], where v(#) denotes the action of a certain group (or projective
representation of a group) of unitary operators acting on . Hence, from this point of view one may call TI(_IP')(t, f)
“Weyl-Heisenberg—Berezin” symbol of H.
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kernel is the generalized Wigner distribution of the window (analogously to the relation between the
physical spectrum and the Wigner—Ville spectrum (2.33)):

T (1, f) = LSO, £) % s W% (=1, — f). (4.40)

Hence, the short—time transfer function is a natural, simple estimator of an LTV system’s time—varying
transfer function Moreover, (4.40) immediately shows that Tg ) (t, f) is an alternative, nonunitary
Weyl-Heisenberg symbol of a linear system as it satisfies the shift-covariance property: A shift of the
symbol corresponds to a unitarily equivalent system:

T ) =T (t—7.f —v).

Normal HS operator. For a normal Hilbert—Schmidt operator the short—time transfer function
leads to an eigenvalue—weighted sum of the spectrograms of the eigensignals (see (2.24)):

T (¢, f) = i MSPECS)(t, f). (4.41)
k=1

Self-Adjoint Operator. It is a well-known fact of the theory of self-adjoint operators that the
range interval of the quadratic form for a normalized input signal is equal to the eigenvalue range
interval [252]:

Amin < (Hz, ) < Apax for |lz|| = 1. (4.42)

Hence, from the definition of the short—time transfer function (4.38) we can immediately conclude
that for a self-adjoint operator, the range of the short—time transfer function is bounded by the
maximum/minimum eigenvalues:

Amin < T[(-}Y) (t7 f) < Amax- (443)

It depends on the operator and the window whether equality actually takes place for some (¢, f). More
generally, one can show that (for bounded operators on Ly(R)):

|73 <

which motivates to call T;F) (t, f) lower symbol of H[305].

LTI System. The short—time transfer function of an LTI system leads to a smoothed version of the
LTI systems’s true transfer function and the smoothing kernel is the spectrum of the window (see
(2.17)):

T (4, f) = H(f) *|D(= ),

Note that i) this relation is well-known and underlies most practical LTI transfer function measurement
systems!”, i) in contrast to its time-varying generalization (4.40) this estimate can be made arbitrarily
precise by increasing the window length.

"With regard to correlative methods (based on pseudorandom excitation) it should be noted that, in essence, com-
puting the usual cross—correlation estimates is equivalent to evaluating a quadratic form as underlies the definition of
the short—time transfer function. In fact, the quadratic form is the fundamental mathematical eigenvalue estimator such
that any sound (non—parametric) transfer function estimator must implicitly or explicitly evaluate such a quadratic form.
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4.4.2 Window Matching for STFT-based System Analysis

What is a good window for the above discussed STFT-based system analysis? Recall that the short—
time transfer function does not uniquely characterize a general LTV system. Hence, we define a good
window by the requirement of getting as much information about the system as possible via the short—
time transfer function. However, since the short—-time transfer function is the diagonal of the STFT
kernel this requirement is essentially equal to minimizing an off-diagonal norm of the STFT kernel.
Analog to the statistical STFT-window optimization of the foregoing chapter we define the optimum
window by
2
Kt £t =7 f = )| (1= W(,v)) dtdf dr dv,

Yopt = arg mln

where W (7, v) is a radially non-increasing smoothing kernel (see (3.3)). Utilizing the results of the fore-

(04)(

going chapter, a compact form is obtained by replacing the expected ambiguity function EA;
(@)

in (3.6) by the spreading function of the operator, S;;’(7,v) (we suppress the a superscript since all
terms are a—invariant)

7,v)

Yope = argmax (|Si[*+ 4|4, 7)1y = 1. (4.44)

However, it is often the nature of system analysis that we do not a priori know the kernel. But what
we usually have is some a priori knowledge on the support of the spreading function. In this case one

can apply our matching rule (3.20)

T, 7o

F,y %1} ’
where TWQ, F$ are the temporal and spectral moments of a good time—frequency localized window
function, and 7y, 1y, characterize the a priori knowledge about the rectangular spreading constraint

of the system. The choice of such a matched window function assures the following advantages:

e The short—time transfer function leads to a unique representation of an underspread LTV system.
This fact is best explained by switching from the (¢, f)-domain convolution relation (4.40) to
the corresponding (7, v)-domain multiplication:

(1, f)

L3 (¢, f) % «W " (—t, — f)

=4

(P T () = S0 (r ) A (7). (4.45)

Since S(a)(T v) is a unique system representation, it suffices to study whether one can recover

(@) (

Sl(;)( v) from given T (t f). In fact, whenever the essential support of Ay (7,v) covers

the support of SET_I)(T, v), then Sg-x) (1,v) is well-defined via a minimum-norm deconvolution
(equivalent to the inversion of the map from the expected spectrogram to the Wigner—Ville
spectrum as discussed in Section 3.3):

(PP, 1) ()
Sii) (rv) = A (7, 0)

A
) | 7(T7U)|>67 (4:4:6)

07 |A7(lej>| S €,

where € has to be selected such that the e-support A, (7,v) covers the (a priori known) support
of Sy(r,v).
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e For underspread systems, the bias of the short—time transfer function as an estimator of the
GWS is comparatively small, since one has A,(ya) (1,v) =~ 1 within the support of 51(;) (r,v) in
(4.45). (For a more detailed discussion see Section 3.3.7, where the analogous problem of the

bias of spectrogram based Wigner—Ville spectrum estimation is considered.)

For strongly underspread systems one may well replace the GWS by the short-time transfer
functions in the approximate symbol calculus:

T (6, ) = T, HTY (3, £).

However, we conjecture that the approximation error will be generally larger than in the GWS
based symbol calculus. For example, in case of LTI systems where one has a GWS—based perfect
symbol calculus, it is easy to see that the symbol calculus based on the short—time transfer
function leads to a (window—dependent) error.

e Used as a prototype signal, the matched window and any time—frequency shifted version thereof
is an approximate eigensignal of the system, we shall follow this idea more specifically in our
study of WSSUS channels.

In this section we have seen that the STFT is an appropriate tool for the analysis of underspread
LTV systems. It may be expected that the STFT is also useful for the realization of underspread
systems. This is the topic of the following section.

4.5 STFT-based Synthesis of LTV Systems

Multiplicative modification of the short-time Fourier transform (STFT) is a well-known concept for
the design of linear time—varying filters [283]. The basic idea is to insert a modification step between
STFT analysis and synthesis. The overall system consists of three parts:

1. STFT analysis with analysis window ~(t),

STFTO(t, f) = / ()7 (s — £)e 273,

s

2. Multiplicative modification of the STFT outcome STFTQE’Y) (t, f) by a time—frequency—parametrized
multiplier function M (¢, f),

ST (1, f) = M(t, )STPTO (1, f),

3. STFT synthesis applied to the modified STFT outcome STFTI’y (t, f) using a so—called synthesis

window ¢(t); this yields the output signal (Hgpprx) (t)

(Hsrere) (1) = | STET. (¢, f)g(t — )6 ta ay.
tofr

This concept is illustrated in Figure 4.2.

For simplicity of the discussion we shall concentrate on the choice ¢(t) = v(t) (equal analysis and
synthesis window).

Our usual terminology for the time—frequency shifting of operators provides a compact notation:
recall that STFT synthesis may be viewed as a continuous Weyl-Heisenberg resolution of the identity

—_— t7
1= [ [P{Datar,
Lt f
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STFT Multiplicative | p STFT
x(f)—» Analysis Modification Synthesis|—» (H,,..x)(1)
0 M(t, f) &(?)

Figure 4.2: On the synthesis of linear time-varying systems via multiplicative modification of the
short—time Fourier transform.

the STFT analysis—modification—synthesis scheme is a perturbation of this resolution of the identity:

Hsrpr = / / M(t, f) PO dt df. (4.47)
tf

In view of the structural parallelism with the GWS-based Weyl-Heisenberg expansion (4.31):

_ (a) (t.f)
H = / f/ £ (¢, £)POD () dt df.

we interpret M (t, f) as another Weyl-Heisenberg symbol of a linear operator Hgrpp (see for the
parallelism to the generalized Weyl symbol). We shall call this symbol “STFT multiplier”. Clearly, the
map M (t, f) = Hgrpr is not unitary just as the map underlying the “short—time transfer function”.
We have a simple convolution relation with the GWS:

L) (6 F) = Mt )« x Wt f), (4.48)

which shows how the spectral and temporal width of the window blur the spectral and temporal
selectivity of the multiplier function M (¢, f). Recall that this is analogous to the case of STFT—based
system analysis via the short—time transfer function:

TG, ) = (8, £) % W@ (=, — ).

The map M(t, f) — Hgrpr is an ongoing area of research in mathematics [261, 305], where operators
of the form Hgppy are called Toeplitz and M (t, f) is usually referred to as upper symbol. We here
just discuss the issue of minimum/maximum eigenvalues (Lo—stability and Lo—invertibility) as this is
of obvious interest in the design of LTV filters (and it clarifies the mathematical terminology). In this
respect, the disadvantage of the non—unitarity of M (¢, f) is somewhat compensated by the fact that
M (t, f) reliably reflects the minimum/maximum eigenvalue. Based on the spectrogram of an input
signal,

SPECO)(t, f) = ‘STFTI(V) (t,f)‘Q = (PN, o)

and (4.47), one can easily derive a time-frequency parametrized formulation of the quadratic form:
(Horrre, ) = (M, SPEC{)). (4.49)

Real-Valued Multiplier. Eq. (4.49) immediately shows that real-valued multipliers always yield
self-adjoint operators. For normalized x(t) the range interval of the quadratic form is equal to the
eigenvalue range interval (see (4.43)). Recognizing the positivity and boundedness of the spectrogram
of a normalized window,

0<SPECO)(t, f)<1  for || =1,
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one has
inf M(t, f) < X\ <supM(t, f), (4.50)

hence, the term upper symbol in the mathematics literature. We furthermore mention without proof
that this property can be essentially generalized to complex—valued multipliers in so far as bounded
multipliers correspond to bounded symbols. Hence, the map M (¢, f) — Hgrpr preserves boundedness
and positivity. This is in striking contrast to the GWS where a bounded symbol may correspond to
an unbounded operator and positive symbols can lead to indefinite operators.

Spreading Function of STFT-based Systems. The convolution relation of the Weyl-Heisenberg
symbols, L%)(t, f) and M (t, f), (4.48) correspond to multiplicative relations in the (7, r)-domain
S (7,v) = m(r,v) A (1,v), (4.51)

Hsrpr Y
where m(7,v) denotes the symplectic Fourier transform of M(¢, f),

m(r,v) € Fo, Frl (Mt ). (4.52)

and Aga) (7,v) is the generalized ambiguity function of the window ~(¢). As expected, for the practically
reasonable assumptions of

1. a usual (good time-frequency localized) window function,
2. a well-behaved (non-oscillating) multiplier M (t, f),

multiplicative modification of the STFT leads always to systems with restricted time—frequency shift-
ing, i.e., STFT based systems are always approrimately underspread.

In the following section we shall see that the converse statement is also true: any system with
well-restricted time—frequency shifting is realizable by multiplicative STFT-modification based on an
appropriate window function ~(¢) and bounded multiplier function M (¢, f).

4.5.1 Window Matching for STFT -based Systems

For a given spreading constraint (79,19) we have the matching requirement that any operator satisfying
this constraint be realizable via STFT analysis—modification—-synthesis using the matched window.
Realizability means that one can find a bounded multiplier function by a regular deconvolution of
(4.48) corresponding to a regular division in the (7,v)—domain:

SJ(L?S)TFT (T’ V)

o A =
m(rv)={  AV(r,v) 4570

(4.53)
0, ‘A,(ya) (7, U)‘ < €,

where € is a small constant that would depend on the numerical implementation. Just as for the
STFT-based system analysis and nonstationary process representation the matching is obtained by
adapting the essential support of the window’s ambiguity function such that it covers the (a priori
knowledge of) the essential support of the system’s spreading function (see Fig. 3.1, Section 3.3). Such
an adaption can be obtained by our usual matching rule:

T, T

where now 79,1 characterize the support of Sy (7,v) and T, F, are the duration and bandwidth of
the window.
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4.5.2 Weyl-Heisenberg Frames as STFT-Multipliers

We now show how the above discussed STFT filter theory turns out useful for the context of the
Gabor expansion (which in a discrete setting corresponds to DFT—type filterbanks [38]).

Recall that the frame operator of a Weyl-Heisenberg frame can be written as a sum of the rank—one
projection operator onto the prototype, shifted on the grid:

M, =33 T,
m ]

When we compare this formula with the continuous Weyl-Heisenberg expansion of STFT-multiplication
systems (4.47), it is easy to see that M, can be interpreted as an STFT-multiplication system with
the following distribution—valued multiplier:

MTE) (¢, f) = ZZét—lT (f —mF). (4.54)

Moreover, we have shown that the spreading function of STFT-multiplication systems is given by

SU@

HsTrrT

(r,v) =m(r, I/)A,(ya) (t,v),

where m(7,v) is the symplectic 2D Fourier transform of the multiplier. In the specific case of the
“delta grid multiplier” (4.54) we obtain a 2D delta pulse train on a “dual”grid:

mTF) (7, 0) = % Z;5 <T — %) ) (1/ — %) , (4.55)

which allows to conclude immediately that the spreading function of the Weyl-Heisenberg frame
operator is given by:

@ 1 l m @ [ m
s = L 20 (1= )3 (v-7) 47 (5 7).

an essentially well-known result (“Janssen’s representation” of the frame operateror [181]), revisited
in an alternative, time—frequency symmetric way.

Studying the perfect reconstruction problem for the Gabor expansion means that we start with
defining (y(¢) is the analysis, ¢(t) is the synthesis prototype)

My, = ZZP gy, with (Pyy) (t,5) = g(t)7"(s), (4.56)

which should be equal to the identity operator on Lo(R). Now, based on the above discussed STFT-
multiplier trick we get a compact proof of the famous Wexler-Raz result:

M I

9y =

=

I
—

LYy (1)

=

S\ (rv) = §(r)sw)

=

ol m
Ag,Q <F T> = TFdpdmo,

i.e., perfect reconstruction requires to solve for a biorthogonality condition on a dual grid. This method
of studying Weyl-Heisenberg frames allows more than just a formal rederivation of existing results,
namely it leads to straightforward important structural generalizations:
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e One can generalize the rectangular sampling grid to arbitrary non—separable sampling grid (for

example Quincunx-type) in (4.54) and by exploiting classical results from 2D sampling theory
[88] we obtain a dual grid and a generalized version of the Wexler—-Raz result. This provides
a simple proof of a conjecture in a recent (so far unpublished work) of Zibulski and Zeevi
[393] concerning the structure of the dual frame of Quincunx—type generalized Weyl-Heisenberg
frames.

It should be emphasized, that regarding the underspread operator diagonalization problems
considered in this work, the Quincunx—type time—frequency sampling pattern is particularly
promising whenever the actual support of the operator’s spreading function tends to an elliptical
shape rather than a rectangular.

One can replace the rank-one prototype operator P, . in (4.56) by a general rank-N operator
and generalize the Wexler—Raz result to the case of multiwindowing.

Our method of derivation uses only time—frequency—separable Fourier transforms which means
that it allows for a trivial generalization to arbitrary signal dimensions (which is not possible
for the usual Zak transform based derivations), when we try to cover the case of non-separable
prototypes.

4.5.3 Discussion

By way of summarizing the discussion on STFT-based system analysis and design we state the fol-
lowing facts:

e The use of the STFT leads to non—unitary Weyl-Heisenberg symbols of linear systems: From

an analysis point of view to the “short—time transfer function” Tgy ) (t, ), from a synthesis point
of view to the “STFT-multiplier” M (¢, f). These representations have the same basic inter-
pretation as the GWS, i.e., viewing the system in the sense of a time—frequency—parametrized
multiplier (time—varying transfer function).

Both the “short—time transfer function” and the “STFT-multiplier” are interrelated to the GWS
via a convolution, where the generalized Wigner distribution of the window acts as smoothing
kernel:

L) () = Mt f)xx W, f),

Tt ) = L f) o« W (—t,— ).

This convolution relation shows (i) the shift—covariance and (ii) the non—unitarity of both sym-
bols. The non—unitarity has the following practical consequences: The “short—time transfer
function” Tg ) (t, f) does not uniquely characterize a general LTV system; it is not possible to
assign an “STFT-multiplier” M (t, f) to a general LTV system such that this system can be
realized by multiplicative modification of the STFT using M (¢, f) (because the deconvolution is
ill-conditioned whenever the window’s ambiguity function vanishes within the essential support
of the system’s spreading function). However, in contrast to the unitary Weyl correspondence,
the maps H — T](] ) (t, f) and M (¢, f) — H preserve the eigenvalue range of self-adjoint operators
in the sense that:

>\min < T](]) (ta f) < Amaxa

inf M(t, f) < Ak < sup M(t, f),

ie., Tgy ) (t, f) and M(t, f) are “lower” and “upper” Weyl-Heisenberg symbols of H. These prop-
erties are of fundamental relevance for the numerical stability of STFT-based system analysis
and design.
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e When we restrict ourselves to underspread LTV systems and assume a matched window both the
“short—time transfer function” Tg ) (¢, f) and the “STFT-multiplier” m(t, f) provide a unique

representation of underspread LTV systems (since restricting the maps H +— Tgy ) (t,f) and
M(t, f) — H onto the subspace of underspread HS operators and to the subspace of accordingly
bandlimited multipliers lead to invertible one—to—one mappings corresponding to minimum norm
deconvolutions as considered in (4.46) and (4.53)).

e STFT-based linear filtering is the classical “mother concept” for any DFT-based perfect re-
construction systems (modulated filter banks, FFT-based transmultiplexers). The discussion in
Section (4.5.2) has shown that the presented STFT-filter theory establish a conceptual basis for
a more flexible design of DFT-based perfect reconstruction systems.

4.6 Signal Design for WSSUS Channels

Stochastic LTV systems provide an adequate model for various time-varying communication chan-
nels. Such a stochastic model is the so—called wide-sense stationary uncorrelated scattering (WSSUS)
channel, originally defined by Bello [29], widely accepted for important multipath wave propagation
channels such as the troposcatter channel, underwater acoustic channel, and (with some amount of
controversy) the mobile radio channel [197, 188, 162, 116]. The WSSUS concept is also adopted in
radar theory, namely, as a stochastic method for target identification [355].

Both historically and in the modern literature one can distinguish two alternative motivations for
the WSSUS setup.

A physical way of reasoning which, in essence, assumes a large number of statistically independent
point scatterers that cause (i) a (narrowband) Doppler effect, (ii) a time-delay, (iii) a path loss (scalar
multiplication by a factor smaller than one), and (iv) an unimodular phase factor (which, as a random
variable, is assumed to be uniformly distributed). For more details about this line of argumentation see
[197]. The physical motivation is intuitively appealing for the troposcatter channel and the underwater
acoustic channel but questionable for the mobile radio scenario.

A pragmatic formulation of the incomplete a priori knowledge about an LTV system, with the usual
motivation of most statistical concepts: If we are to match a system to unknown physical situations
we assume that this situations are random and we match our system to the statistics. Now, in case of
nonparametric LTV system theory we are confronted with 2D random processes which, in principle,
lead to 4D second order statistics. However, it is not realistic to work with 4D functions. Hence, it is
necessary to assume some additional stationarity constraint such that these 4D statistics essentially
degenerate to 2D functions. The only nonparametric system representation where 2D stationarity is
not totally unphysical is the transfer function, but stationarity of the (time—varying) transfer function
is exactly the key feature of the WSSUS concept.

In the original WSSUS model the system representations are considered as 2D stochastic processes
with specific second order statistic. In the (most natural) spreading domain the WSSUS channel
is characterized by i) being zero-mean, ii) showing uncorrelated amplitudes of the time-frequency
shifts'®:

B{sy®(rv)} =0, (4.57)
E{sy? (r,v)sy?" (7, 0)} = Cu(r,v)(r = 7)o(w = o), (4.58)

18Bello’s original denomination is based on the statistics of the h(t,t — 7) when h(t,s) denotes the system’s kernel.
The function h(t,t — 7) is wide—sense stationary with respect to ¢t and uncorrelated with respect to 7. This is the way
how Bello set up the classical denomination of wide—sense stationary uncorrelated scattering (WSSUS). Notwithstanding
the undeniable relevance of Bello’s classical work the reader may agree that the terminology is somewhat of a historical
misnomer as it does not take into account the symmetric behaviour of the WSSUS channel w.r.t. time and frequency,
i.e., WSSUS can be much more concisely characterized by uncorrelated spreading.
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here, the function C'y(7,v) is the so—called scattering function. A WSSUS channel is uniquely char-
acterized by its scattering function.

Using the fact that

Sgl) (,7_7 l/) — SS/Z) (,7_7 V>6—j27ru7(a—1/2) )

it is easy to show the statistical a—invariance of the WSSUS concept [205]:

E {Sgl) (7_7 V)Sgl)* (TI, VI)} - E {SS/Z) (7_, V)SS/Z)*(TI, VI)} 6—j27r{m-—1/’7-’}(a—1/2)
" S 7_/)5(” o Vl)e—jZW{VT—V'T’}(a—l/Q)
H

=16 —1"). (4.59)

The statistics of the generalized Weyl symbol are accordingly given by

B{LY(t. f)} =0, (4.60)
E{LY (t, LG (¢ f)}y = Re(t — ', f — f'). (4.61)

Here, Ry (¢, f) denotes the so—called time—frequency correlation function of a WSSUS system which is
in Fourier correspondence to the scattering function. Due to its physical interpretation the scattering
function is the most natural way to present WSSUS systems [197]. But also in our particular context
of matching WH families the scattering function leads to a compact representation.

4.6.1 Optimum Single Pulse

In general, a stochastic operator has no eigensignals. Nevertheless, it makes sense to ask about
that particular signal which is the best approximation to an eigensignal in an average sense over the
ensemble of LTV systems. This can be made precise by evaluating the expectation of the orthogonal
distortion. The output signal can be split up as follows:

(Hy) (t) = (Hv,7)7(t) + €min(t),

where

<’Ya 61’11i1f1> =0

such that using Pythagoras:

2 2
leminl* = HY[I* = [(Hv, 7).

We are interested in the expectation over the WSSUS ensemble

B {leman I } = B {I[F1 } = B {|(Hy, )"} (4.62)

This expectation can be expressed in terms of the channel’s scattering function Cy (7, v):

Edleninl} = [ [ Culryvydr dv = (Cu, 14, ) (4.63)
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where we have used properties (B.17), (B.24) and (B.33) of the generalized spreading function and
the a—invariant definition of WSSUS (4.59) in the following way

E{[Hy|*} = E{(HHy,)}

= E{(Sitn A1)}

- ////E {SI("?)*(_TI7 _VI)SI(-_A?) (T — 7"7 v — Ul)} e*jﬂ'(q—’yiylﬂr)

T v 7y

AP (7,v)dr dv dr’ dv/

= ////C'H (r—7\v—v )5(7’)5(1/)e*j”(T'V*V’T)AEYU)*(7.7 V)dr dv dr' d'

T v gyl

= //CHTV )(OO)del/

7-/ V,

and

B{|Hy )1} - E{KS&?%AS‘”MQ}

— //// I(LI) (7_1’1//)}14’(;1)(7_7 U)A,(ya)*(Tl,l/l)dT dv dr' dv'

T v 7y

— / / Cralr.v) |4 (70| dr v

Minimizing the expected orthogonal distortion leads to a compact optimization problem

Yot = argmax (Crr, |4,) . |l =1. (4:64)

which is seen to be structurally equivalent to the STFT window optimization criterion (4.44) when
one replaces the magnitude squared spreading function |Sz (7, v)|? by the channel’s scattering function
C1H (Ta V)‘

4.6.2 Optimum Weyl-Heisenberg Transmission Set

The above discussed optimum single pulse may be of interest as a test signal for measuring channel
characteristics (channel sounding). However, for the digital communication over a time—varying chan-
nel we have to select a whole set of transmission signals. The time—frequency plane is a natural domain
to study the basic signal design principles (modulation schemes) of multiple access systems. Existing
digital mobile communication systems can be coarsely split up into two categories [269, 336, 379]:

¢ Time-division/frequency division multiple access systems where the effective transmission pulse
covers approximately one Heisenberg cell and orthogonality is obtained by time-frequency—
disjointness.

e Spread spectrum systems where the effective transmission pulse (the signal component corre-
sponding to one information bearing symbol) covers a region much larger than one Heisenberg
cell, orthogonality is obtained by digital modulation via specific binary sequences (the effective
pulses of different users are time—frequency—overlapping).
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Within the existing standards (such as the European GSM, or the U.S. IS-54) there is no design
freedom for an explicit matching of the transmission signal'®. However, for the development of future
systems the need for bandwidth efficiency and the increasing digital signal processing capabilities make
it reasonable to return to the roots and ask about how to adapt a (reasonably structured) signal set
to the a priori knowledge about a WSSUS channel. Clearly, the result of such an optimization will
always have only philosophical impact in so far as there are many other practical side constraints that
have to be met in the design of a practical digital communication system.

We here consider the following setup: The input signal is a weighted linear combination of a WH
set based on a transmission pulse (t):

() = Y > plm,n)y "), (4.65)

where p(m,n) are considered as information bearing pulse amplitudes and T may e.g. be considered
as the symbol rate and F' as the channel separation (see Figure 4.3). However, we treat inter— and
cochannel interference in a common manner such that our results are independent of the actual rule
for channel access. Note, that depending on the definition of the prototype (which need not be a
transmission pulse in the classical sense) (4.65) allows to cover any practical modulation scheme (it is
the mapping from the user’s bit stream onto the pulse amplitudes p(m,n) that allows distinguish the
variety of digital communication systems).

p(ml) —» —» p(m1)
p(m2) —» Gabor Gabor —* P(M2)
Synthesis LTV Channel o Analysis

t X(t) H (HX)(®) y(t) _
oy > " > fmn)
Figure 4.3: The considered digital communication setup.

We furthermore assume uncorrelated pulse amplitudes with normalized power:
Ep {p(ma n)p*(m', nl)} = 5mm’ 5nn’a (4'66)
where 0.,y is the Kronecker symbol (0, ,, = 1 for m = m’ else zero). The condition (4.66) is, in

principle, realistic for modern digital communication systems but it certainly leads to a considerable
narrowing of the modulation schemes that can be covered in connection with (4.65). In particular,
the so—called Gaussian minimum-shift keying (GMSK) principle that underlies the European GSM
standard would require statistical dependence between temporally adjacent pulse amplitudes.

A matched filter receiver for the symbol associated to 4"T:"F)(¢) evaluates an inner product of
mTnF)(#) and the channel’s output signal (Hz)(t) (we assume noise free observation) :

p(m,n) = (Ha, A" ) = 57 p(m!, ') H (m, n,m,n'),
m'n'

~(

where we have a introduced a discretized version of the STFT kernel defined as

H,(m,n,m',n) def <H7(m’T’"'F)77(mT’”F)> = kg;’g)T(m'T, n'F,mT,nF).

197t should be noted that channel coding can be interpreted as implicitly matching the effective transmission signal
by linear combination of transmission pulses. The weights of such a combination are, of course, restricted to binary
numbers which leads to problems beyond the scope of this work. Yet, the combined consideration of channel coding and
modulation is a promising perspective for future systems (see [379] for an excellent recent contribution in this spirit).
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Due to the distortion caused by the channel the matched filter output contains undesired contribu-
tions from other pulses. The optimum transmission pulse minimizes the total expected energy of all
interfering distorted pulses:

Z p(m',n"YHy(m,n,m/,n YW (m —m',n—n')| ¢, (4.67)

m' ,n'

Yopt = arg mm Enyp

where the expectation is over the WSSUS channel and the amplitude ensemble and the weight function
selects contributions from all pulses with different TF localization:
/ 7\ def
Wim—m'n—n") = 1= pndmm-
In order to compute this expectation we note that based on (4.66) one has the fact that

2
= Z |H’Y(m7n7 mlv nl)|2 )

m’,n’

o
(m,n,m',n’)

and we introduce (4.37) in order to compute the expectation over the WSSUS ensemble:

En {|H7(m,n,m',n')|2}
2
// SS/Z) (T, V)A(Vl/Q) (m—=m"\T —7,(n —n')F — 1/)ej%{",Fm,T'i'(”_”F)mT}dT dv,

En

= [ [ ] [ {87 ) o} AV = 00T 10 0F <

T1 V1 T2 V2

A(Vl/Q)*((m —m\T = 19, (n — 0V F — 13)e?>™1=20mT g oy dry dus

N ////CH(Tl’ v1)8(m1 = 72)8(v1 — v2) AN ((m = m)T =71, (n = n')F — 1)

T1 V1 T2 V2

-ASI/Z)*((m — T — 19, (n — 0"V F — 13)e? 2™ =20 g oy diry dus

= //CH(T, v)|Ay(r = (m —m)T,v— (n — n')F)|2 dr dv.
Combining these results we have

Eu, "NH,(m,n,m',n" YW (m —m',n—n')

<ZZW(m,n)CH(T —mT,v—nF) , |A(r, V)|2> _

Hence, the optimization of the transmission pulse according to (4.67) is given by

Yopt,G; = argmin (S, 3, W (m,n)Cir (1 = mT,w —nF) | |A(r,0)?),

4.68
subject to IvI? = (4.68)
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which is structurally equivalent to the matching criterion of the Gabor expansion of a nonstationary
process (3.40) (by replacing |FA,(r,v)|?> by Cy(7,v)). From the general viewpoint of multirate
signal processing this equivalence is not unexpected: In a discrete-time setting, the Gabor expansion
corresponds to DFT filter banks, a subclass of uniform filter banks, whose theory is well-known for
its mathematical equivalence to transmultiplexer theory [54, 62, 357]. In view of the parallelism with
the Gabor matching theory we refer to Section 3.4 for a detailed discussion of (4.68). However, recall
that the matching of a Weyl-Heisenberg set includes matching the sampling grid. In this respect, we
emphasize that all of the arguments in Section 3.4 that led to the matched grid:

T 70

F 7/0’
essentially apply to the WSSUS case. That is, the presented theory essentially allows to design
an efficient (DFT based), perfect reconstruction transmultiplexer whose prototypes are approximate

eigensignals of an underspread WSSUS channel. This means that any user “sees” an almost nondis-
persive channel with random gain (regardless of the multiple access rule).

4.7 Extension to Matched Multiwindow Expansions

In the previous sections we have shown that underspread LTV systems can be uniquely analyzed and
realized via STFT-based methods. In both cases we have used a minimum-norm deconvolution in
order to link the STFT-based non—unitary system representations (the short-time transfer function

T](] ) (t, f) and the multiplier symbol M (¢, f)) to the unitary Weyl correspondence. However, while
such a minimum-norm deconvolution was apt to proof invertibility on a subspace of underspread
operators, it is of limited practical relevance due to its huge numerical expense. In order to realize an
underspread operator with given GWS we now discuss multiwindow methods both for the theoretically
simple continuous and the practically important discrete setting.

4.7.1 Continuous Expansion

Any operator with restricted spreading characterized by

S (,v) = S8 (7, v) xu(r,v),

can be written as a continuous Weyl-Heisenberg expansion

H= t/ f/ Lt £) PED (a)dt df, (4.69)

where the prototype operator is determined by the spreading constraint:

SEDOEL) (ryv) = xu(r,v).

In Section 4.5 we have shown how STFT analysis—modification—synthesis allows to realize underspread
operators in the form of a Weyl-Heisenberg expansion based upon the rank—one projection operator
P, (see Section 4.5):

Hsrrr = //M(t,f)P(yt’f)dt df,
t f

where M(t, f) is the multiplier and P is the rank-one projection onto the window. The prototype
operator in (4.69) is not rank—one. However, by using the singular value decomposition of the prototype
operator,

P(a) = Z 0Py oy
k
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one can set up a multiwindow expansion in the following form:

H=> o Hsrrri (4.70)
k

with
HSTFTk—//L( (t, )P ukvkdtdf
t f

i.e., we have a weighted parallel combination of STFT-based systems Hgrpr ; with (i) equal multiplier

function given by the GWS L ( f), (ii) the analysis/synthesis windows given by the (a—dependent)
singular signals of the prototype operator, ug(t),vi(t), and (iii) the weights determined by the (a—
dependent) singular values o}, of the prototype operator [205].

The number of windows required is theoretically infinite. In practice, a small number of windows
will lead to sufficient precision. The Hilbert—Schmidt norm of the approximation error depends on
the singular value distribution of the prototype operator (we presuppose that the singular values are
indexed in the order of non-increasing magnitude):

N 9] 9]
HH = okHsrrrg| < >0 ow [Hsrrrgll < |H| > o (4.71)
k=1 k=N+1 kN1

A further simplification may be based on the fact that the prototype operator is approximately normal
such that one can use identical analysis and synthesis windows wuy(t) = vg(¢), then, the “weights” are
the generally complex eigenvalues. Note, furthermore, that the problem of finding the optimum
approximation by a single window STFT system leads back to a window optimization criterion of the
previous chapter:

Yopt,2(t) = argmin [P(a) — P.|| = argmin (xn, A)  subject to [y =1.
Y Y

4.7.2 Discrete Expansion

The GWS of an underspread system is a 2D—lowpass function, in Section 4.3.5 we have already pointed
out that this leads to a discrete Weyl-Heisenberg expansion in the following form:

H= ZZL (T, mF)PUTm) (),

From the just discussed continuous case we know that this can be realized as a multiwindow, but
now also multirate STFT filter, i.e., consisting of STFT analysis, sampling on a rectangular grid,
multiplicative modification and STFT synthesis. That is, we have a structurally simple, directly
parallelizable multirate realization of underspread operators. This is what makes the approximate
symbol calculus,

L) (1T, mF) ~ L (T, mF) L) (T, mF),
to a feasible, efficient alternative to existing methods for the equalization, inversion or more general

treatment of underspread LTV systems.

4.7.3 TIllustrative Example: Practical Nonstationary Wiener Filter

Again, the nonstationary Wiener filtering (minimum mean-squared error filtering) provides a good
example for the relevance of the presented theory. The nonstationary Wiener filter is given by

Hyvse = Ro(R, +R,,) 7!
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where R, R,, are the correlation operators of the signal and noise process, respectively. More details
have been discussed in Section 2.1.1, appropriate references are [268, 326, 355] and in particular [199].
We furthermore assume incomplete a priori knowledge in the form of a given spreading constraint
Ty, Vg of an underspread process and contamination with white noise with correlation:

R, = U%I.

The Wigner—Ville spectrum is the Weyl symbol of the correlation operator, for the white noise we
have:
EW,(t, f) = o2

If we would have given the Wigner—Ville spectrum of the signal process then the Weyl symbol of the
nonstationary Wiener filter were in good approximation given by2:

EW,(t, f)
EW,(t, f) + 02’

LHMMSE‘ (tv f) ~

However, since we do not know the exact second order statistics of the signal process we have to
replace the expected Wigner distribution by its estimate based on the observation. Moreover, we can
switch to the rectangular sampling grid T' = ﬁ and F = % since we presuppose that all involved
operators are (at least approximately) jointly underspread with the spreading constraint determined
by the a priori knowledge about the signal process:

EW,(IT,mF)

L IT,mF) ~ — .
Hasaese ) EW (T, mF) + o2

For the derivation of an optimum estimator we refer the reader to the Appendix D. There it is shown
that given a noisy observation

y(t) = x(t) + n(t),

where z(t) is a circular complex, zero-mean, nonstationary Gaussian process with known spreading
constraint v, (7,v) (with regard to EA,(7,v)) and n(t) is circular complex, zero—mean stationary white
Gaussian noise with variance o2, one can show that the MVUB estimator of the process’ Wigner—Ville
spectrum is given by

EW,(t. f) = (P"y,y),

where P is the prototype operator of the minimum-norm Weyl-Heisenberg expansion of the process’
correlation operator R, according to the spreading constraint y,(7,v). The practical realization of
this estimator is given by the optimum finite-rank approximation as a weighted sum of spectrograms:

N
k=1

where the window functions are the eigensignals of the prototype operator corresponding to the spread-
ing constraint. The MMSE filter can then be realized as a finite-rank multiwindow STFT-based
system in the form

N
Hyvse = Z )\k Z Z LHMMSE (lT, mF)ng’mF),
k=1 I m
where the window functions u(t) again are the eigensignals of the prototype operator corresponding
to the spreading constraint of the signal process.
This leads to a highly efficient realization as we can use one and the same set of orthogonal windows
for the optimum spectral estimation and the optimum filtering of an underspread process. Figure 4.4

20For simplicity we suppress the a—parametrization of the GWS, all of the results are basically a—invariant.
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shows a schematic illustration of the overall signal processing scheme. It should be emphasized that
this concept is not as “revolutionary” as it seems on the first sight. Existing concepts for speech
enhancement based on a filter bank which is used both for the estimation of the power spectrum
and the filtering turn out to be conceptually similar. One has to recognize that averaging over the
instantaneous channel power of succesive blocks is equivalent to the use of a multiwindow estimator
based on time-disjoint (thereby orthogonal) windows. We have already pointed out this equivalence
at the end of the previous chapter. Hence our Weyl-Heisenberg theory may also be seen as an
nonstationary reinterpretation of existing “quasistationary methods”. We feel that the presented
theory provides a basis for a more systematic design of nonstationary enhancement filters in a way
such that the choice of less parameters is subject to a trial and error procedure.

STFT > » ISTFT
vy . .Uy |
STFT > i » ISTFT _
(1) - ,| Multi - - X(0)
v, » Pplicat. > U,
Modif.
STFT > » ISTFT
: V3 'I : » Z/IS
I 1t 1
Zl . |2 » Welght
u Funct.
)N

Figure 4.4: Realization of nonstationary Wiener filter via multiple STFT multiplication systems.

4.8 Numerical Experiments

The multiwindow realization of the Wiener filter (as discussed in the previous section) is the topic
of this numerical experiment. We consider a synthetical zero-mean, complex—valued nonstationary
signal process with time—varying bandpass-like innovations system. The observation of this process
is subject to additive, white Gaussian noise. We study the performance of the following exact and
approximate Wiener filter realizations for different noise levels:

1. The exact Wiener filter based on complete knowledge of R, and the noise level, computed via
matrix inversion.

2. An approximate Wiener filter also based on complete second—-order knowledge but computed via
the symbolic (transfer function) calculus using Zadeh’s function.

3. Another approximate realization based on complete knowledge now realized via the multiwindow—
STFT scheme.
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SNR of observation

Filter method -3 -2 -1 0 1

Exact Wiener filter

compl. 2nd—ord.—knowl. 40 3.3 2:5 2.1 1.2

Multi-STFT realization

compl. 2nd—ord.—knowl. 39 31 23 1.6 0-9

Multi-STFT realization

incompl. 2nd—ord.—knowl. 31 2.1 1.2 02 —0.7

Table 4.1: Average SNR—improvement in dB of the various filter methods for different noise levels

4. A *“practical” enhancement scheme based on the incomplete knowledge of (i) the support of
EA,(r,v), and (ii) the noise level using a multiwindow STFT both for the estimation and the
filtering (see Figure 4.4). Tt should be emphasized that this concept uses no a priori knowledge
about the (absolute) time—frequency localization of the signal process.

Table 4.1 lists the average SNR improvement of the filter schemes for different levels of input SNR
measured in dB. We have not included method 2. in this table as it shows no significant difference
to the exact Wiener filter. (A specific experiment about the symbolic calculus for underspread and
overspread operators can be found at the end of the following chapter.) The practical enhancement
scheme shows good performance for negative SNR levels while it breaks down at positive SNR levels,
see the last line of Table 4.1. Figure 4.5 shows the underlying window functions, the Rihaczek spectrum
of the process, and the observation—dependent features of the “practical” filtering scheme for typical
noise and signal realizations at input—-SNR=0dB.

4.9 Summary

In this chapter we have studied linear time-varying systems via time-frequency parametrized rep-
resentations. The generalized spreading function (GSF) SS)(T, v) characterizes the time—frequency

shifts caused by a linear system, while the generalized Weyl symbol (GWS) L(I?)(t, f) reflects time-
frequency selective multiplication in the sense of a time—varying transfer function (within the limits of
Heisenberg’s uncertainty principle). The generalized Weyl symbol combines and unifies various classi-
cal definitions of a time—frequency parametrized linear operator representation: Zadeh’s time-varying
transfer function, the Kohn—Nirenberg symbol, Bello’s “frequency—dependent modulation function”,
and the Weyl symbol. The mutual interrelation between the Weyl symbol and the spreading func-
tion is essentially a 2D Fourier transform (symplectic Fourier transform). By defining a coordinate
transform acting on the impulse response h(t,t') and the bifrequency function By (f, f') as:

(Auh) (7)) = h@(t7) % p <t+ (% - a) - (% + a) T> ,
AuBi) (F0) = B (1) ™ B (14 (5-a)ns = (5+a) ).
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we have the following commutative map of relations:

a(fs f) = SSoUn(NVE(F) =2 B (f,0) —L= L, 1) = S oWl (1, f)
k=1 k=1
lff*l lff*l lff*l

ht,t) =S opup(Bop(t) 22 h@ (1) —Lo S8 (1) = S op AL, (7,0),
k=1 k=1

where Wzst,j,)vk (¢, f) and ASﬁc)’vk (1,v) are the cross—Wigner distribution and cross—ambiguity function of
the singular signals, and F denotes the Fourier transform.

Via the product of an LTV system’s maximum time shift and maximum frequency shift (”total
spread”) we have defined a precised version of the classical underspread/overspread classification: Un-
derspread systems feature a total spread much smaller than one and overspread systems larger than
one. The generalized Weyl symbol of an underspread system satisfies a number of asymptotic proper-
ties that establish a time-frequency—parametrized generalization of any of the well-known properties
of an LTT system’s transfer function.

We have defined a "short—time transfer function” (STTF) as a practical point estimator of the
system’s generalized Weyl symbol. This STTF is based on time—frequency shifted versions of a proto-
type signal applied to the system’s input followed by matched filtering applied to the system’s output.
We have shown that this STTF establishes a unique representation of an underspread LTV system,
provided that the prototype is matched to the underspread support by our standard matching rule

T, 7o

Y
F’Y IZ0)

where T,/ F., are the duration/bandwidth of the prototype and 7q/1q are the maximum time/frequency
shift of the system. Analogously to the system analysis issue, the short—time Fourier transform allows
to synthesize underspread systems by putting a multiplicative modification between the analysis and
synthesis stage. Moreover, we have pointed out how the presented STFT-filter theory can be used for
the design of generalized perfect reconstruction systems.

We have extended multiwindow methods from their classical use in time-invariant spectral es-
timation to a combined time-varying filtering and spectral estimation. Specifically, we have shown
that one and the same set of windows is matched to the spectral estimation and optimum filtering
of an underspread process. These theoretical results lead to a structurally simple and highly parallel
implementation of a practical nonstationary Wiener filter.

We have reviewed and extended the theory of the stochastic WSSUS class. In particular, we have
shown: (i) The WSSUS definition is invariant within the family of the generalized Weyl symbol, (ii)
Asking about approximate eigensignals of a WSSUS channel leads to a prototype matching criterion
that parallels our STFT-window optimization theory. (iii) An optimum time-frequency tiling for the
digital transmission over WSSUS channels can be found analog to matched Gabor grid of the previous
chapter.

We emphasize that most of the results of this chapter carry over to the discrete time case when
we restrict ourselves to |a| = 1/2. In particular, all of the presented STEFT results carry over to
nonsubsampled DFT filterbank theory and the WSSUS matching theory is essentially applicable for
the optimization of DFT-based transmultiplexers. With regard to oo = 0, it appears to be impossible
to reformulate the continuous time theory in a way that maintains the unitarity of the Weyl corre-
spondence. Nevertheless, the specific mathematical properties of the Weyl correspondence make it to
the fundamental theoretical tool for time—frequency—parametrized operator representation.
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Figure 4.5: Nonstationary Wiener filter via multiplicative modification of multiwindow STFT: (a)
x(t)—realization of signal process, x(t)+n(t)—noisy version, y; (t)-output of theoretical, exact Wiener
filter, y2(t) output of practical, approximate Wiener filter, (b) the matched window set, (¢) time-
varying spectrum of signal process, (d) time—varying transfer function of exact Wiener filter, (e)
time-varying transfer function of theoretical approximation via KN-symbol calculus, (f) multiwindow
spectral estimate based on the realization (as shown in (a)), (g) time-varying transfer function of
practical, approximate Wiener filter, (h) expected ambiguity function of signal process (i) effective
spreading function of multiwindow kernel.



Chapter 5

On Underspread Operators

This chapter is devoted to a theoretical study of Hilbert—Schmidt operators with restricted spreading
function. We start reviewing the idea of a symbolic calculus, which in turn leads to the spreading
constraint as a prerequisite for the applicability of the generalized Weyl symbol (GWS). It is shown
that underspread operators form an approzimate commutative algebra. In particular we prove that
the product of the generalized GWSs of two operators is approximately equal to the symbol of the
product operator (approximate homomorphism). Moreover, we show that (i) underspread operators
are approximately normal, (ii) the GWS of an underspread operator is asymptotically a—invariant,
(11i) the GWS and a properly time—frequency localized signal form an approximate eigenpair, and
(iv) any underspread operator can be realized by multiplicative modification of the short—time Fourier
transform using an appropriately localized analysis/synthesis window.

Along with the abstract formulation of quantitative results we point out their relevance in signal
and system theory.

5.1 On the Concept of a Symbolic Calculus

As already mentioned in the previous chapter the basic idea of a symbolic calculus belongs to common
engineers’ knowledge as far as linear time—invariant (LTI) operators are concerned. Here, it is a well—
known and often used fact that the operator product corresponds to a product of the symbols (transfer
functions). Mathematically, one says that LTI operators form a commutative algebra. In the dual
case of linear frequency-invariant (LFI) operators (i.e., time-domain multiplication operators), the
mathematical structure is identical. Thus, whenever H and G are both LTI or both LFI one has a
perfect symbol calculus,

L, LS (8, F) = LE (1 f) = L (t, f), (5.1)

where LSL(;) (t, f) is the generalized Weyl symbol (GWS).
Clearly, the identity operator is both LTI and LFI, its symbol is time—frequency—invariant equal
to one (the neutral element of the field of complex numbers):

L, f) =1,

a fact that together with (5.1) allows to extend the symbolic calculus to the computation of the inverse
operator (existence provided, exactly valid for both LTI or LFI operators):

(a) _
I =Ty

Operator composition or inversion appears in widespread applications particularly in statistical
signal processing. An important example is minimum mean-squared error (MMSE) filtering [199] as

101
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already discussed in more detail in previous chapters. Given statistically independent signal and noise
processes with correlation R, and R,,, respectively, the general MMSE filter

Hyvse = Re(R, +R,) 7!

can be formulated by scalar operations:

L) (t,])
L) f) + L) (4, )
valid whenever the involved operators are either all LTT or all LFT (i.e., the signal and noise processes
are either both stationary or both nonstationary white) and the inverse is well-defined'.

Recall that the LTT and LFT operators are characterized by a severe spreading constraint, i.e., the
spreading function of the operator is ideally concentrated on either the r—axis

Ly )= (5.2)

i) (rv) = h(r)d(v),

Hrrr

or the r—axis

S(a)

Hypy (TrV) = 0(T) M (v),
as discussed in Section 4.2.3.

Intuitively, we expect that the symbolic calculus remains approximately valid for operators which
are slightly perturbed versions of ideal LTI or LFT operators, i.e., “slowly” time—varying or “slowly”
frequency-varying operators. Although this idea is quite old (at least in its implicit consequences), the
present work seems to present the first detailed analysis of the conceptual limitation of time—frequency

parametrized operator symbols that form the GWS class.

5.1.1 Orthogonal Resolutions of the Identity and Symbolic Calculus

LTI and LFI operators are never Hilbert—Schmidt (HS). However, in case of LTV systems or nonsta-
tionary processes HS operators are practically predominant. We now review the well-known discrete
symbolic calculus of commuting normal HS operators [252, 311].

As mentioned in the discussion of the Karhunen—Loeve transform (Chapter 3), a normal HS op-
erator H can be expanded into a weighted sum of orthogonal projection operators, i.e., a perturbed
orthogonal resolution of the identity [252]:

o0

H=> NPy, and I=> P,, (5.3)

where the eigenvalues can be formally written as a HS operator inner product
A= (H,P,,). (5.4)

Two normal HS operators H, G commute if and only if they have a common eigenbasis {u;}. One
has (using the fact that P, Py, = Py, dx1)

o0 o0 [ee)
GH=HG = > > NN uPu,Pu =D N nPu,,
k=11=1 k=1

where A\, fr, \p,¢ are the eigenvalues of the operators H,G. Once we consider the eigenbasis {uy}
as a priori knowledge, the product operator is uniquely characterized by the multiplication of the
eigenvalue distributions [252]:

Ae,GH = Mo, HG = N, Gk, H - (5.5)

'"Within the framework of a symbolic calculus, the generalized inverse (in the Moore-Penrose sense) can be defined
(@)

Hurvsn (t, f) to zero where the magnitude of the denominator in the left side of

in a straightforward way, by setting L
(5.2) is below some threshold.
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In our context it is appropriate to call these eigenvalue distributions discrete symbols of the operator
and (5.5) is then referred to as perfect symbol calculus. Clearly, the identity is the neutral element of
any such commutative operator algebra, one has

et = 1,

and the generalized operator inversion can be essentially written as an algebraic inversion in the field
of complex numbers:
~—, for Apg >
Ak -1 =
0, for /\ij < €.

5.1.2 Nonorthogonal Weyl-Heisenberg Resolutions of the Identity

STFT-based Resolutions of the Identity. Recall that the reproducing formula underlying STFT
synthesis can be written as (for details see Section 4.5)

Iz//P(j’f)dtdf, (5.6)
t f

where P, is the rank-one projection onto the window and the superscript denotes time—frequency
shifting as has been introduced in Section 2.3.1:

Pgt’f) — S(t,f)va(t,f)*j

where S(t/) is a time-frequency shift operator. When the underlying window is well time—frequency
localized, then P,(yt’f ) is time-frequency selective about (¢, f).

STFT based system design is based on a multiplicative perturbation of (5.6):

_ (t.1)
H_t/f/M(t,f)P7 dt df.

Idealized Interpretation. The transfer function of an LTI system and the power spectrum of a
stationary process are continuous eigenvalue distributions of linear time—invariant operators (mathe-
matically precise one should speak about an approximate point spectrum, because the point spectrum
is always discrete). The common idealized interpretation of Weyl-Heisenberg operator representations
(as e.g. the generalized Weyl symbol) may be interpreted as a time—frequency parametrized eigenvalue
distribution A(t, f) of a linear time-varying operator in the sense of

Hé//A(t,f)P(t»”dtdf.
t g

This interpretation is in obvious conflict with Heisenberg’s uncertainty since P(®/) should be an ideally
time—frequency selective localization operator. In particular one would have to require orthogonality
of the time—frequency shifted versions of the prototype operator:

PEN (t=t)A(f = f),
ptHpE.fH 2 (5.7)
0, (#")V(f#S).

However, such orthogonality is generally impossible. It is particularly unrealistic when P is rank—
one, ie., P = P, since the STFT expansion set ~(tF) ig highly linear dependent. But a rank-one
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projection onto a well time—frequency localized signal is obviously the optimally concentrated time-
frequency localization operator.

Discrete Expansion. In this work we usually consider LTV operators which are of Hilbert—Schmidt
(HS) type. HS operators always have a discrete eigenvalue spectrum (see Section 5.1.1). This is an-
other fundamental contradiction with the idea of a continuous time—frequency parametrized eigenvalue
spectrum. From this point of view one may already expect that time—frequency discretization should
come up naturally whenever a time—frequency parametrized eigenvalue spectrum makes sense.

A discrete Weyl-Heisenberg resolution of the identity is given by

I= ; Z P(ZT’mF).

Mutual orthogonality of the (I, m)-indexed projection operators pUT.mE)

pUTmE)p('Tm'F) _ p(TmF)s 5

is now theoretically possible such that there exist operators which are exactly diagonalized by a discrete
Weyl-Heisenberg basis:
H=>Y Y A(l,m)ptTmh),
l m

where A(l,m) is the hypothetical eigenvalue distribution (point spectrum) of H.

However, for the rank-one case P = P, it is well-known that orthonormal Weyl-Heisenberg bases
are difficult to obtain and lead always to bad time—frequency localized prototype signals ~ [184, 28].
Hence, the existence of a diagonalizing Weyl-Heisenberg basis v(7"™) ig a far too restrictive condition
for the classification of operators that allow an approximate Weyl-Heisenberg symbol calculus.

5.2 Operators with Restricted Spreading

A general LTV operator can be formally written as a continuous Weyl-Heisenberg expansion in terms
of the generalized Weyl symbol LSL(;) (t, f),

H— t/ f/ L, £y PO (a) dt df, (5.8)

where the infinitesimal prototype operator P(«) is defined by

S =1 e LS (1) = 50)s(f),

so that, formally :
Lt 1) = (HPE) (). (5.9)

The prototype operator characterizes the properties and interpretation of the GWS. Recall that the
eigenvalues of a normal HS operator can be written as (see (5.4))

>\k' = <H7Puk>7

where P, is the rank-one projection onto the window. Hence, the interpretation of the GWS as
a time—frequency parametrized eigenvalue distribution would require that P(«) be a time-frequency
selective projection operator. But actually P(«) is far from an orthogonal projection operator. Specif-
ically for a« = 0, it is even unitary up to a constant factor 2 (for more details, see the discussion in
Section 2.3.2). Hence, we have the fact that for a general LTV operator H the prototype operator
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of the continuous Weyl-Heisenberg expansion does not at all support the idea of a time—frequency
parametrized eigenvalue distribution. However, under the assumption of restricted spreading one can
set up a more adequate version of the continuous Weyl-Heisenberg expansion as follows.

Many practically important LTV operators satisfy a certain spreading constraint, in so far as the
spreading function Sl(;) (1,v) is restricted to a domain centered about the origin. We characterize such
a spreading constraint via an (0/1-valued) indicator function y g (7, ) with minimum area such that:

S\ (7 0) = 8 (7, v)xm (1, V). (5.10)

Note that this equation is a—invariant since the magnitude of the generalized spreading function does
not depend on a.

For such operators, the multiplication of (5.10) carries over to an idempotent convolution of the
generalized Weyl symbol which we write in terms of the GWS of an a—dependent prototype operator
P(a):

L) = L5 0 £ s oLl (6 1) = [ [ L9 LG (=t f = £t df'
t fl (5.11)

This means that the spreading function of P(«) is just the indicator function

S0y (7o) = (), (5.12)

Using the time—frequency shift—covariance of the GWS (C.15) we have
Lt = f =) = L i (6.

The idempotent convolution (5.11) thus leads to an alternative continuous Weyl-Heisenberg operator
decomposition:

_ (@) (t.1)
H_t/f/LH (t, /) PED () dt df, (5.13)

structurally equivalent to (5.8) but now based on a Hilbert—Schmidt prototype operator. Such a
prototype operator is still no projection operator but — in view of (5.12) — it cannot introduce
arbitrarily large time—frequency shifts. Hence, it is basically time—frequency selective and the dominant
singular signals are typically well time—frequency concentrated about the origin of the time—frequency
plane. With increasing spread of (7, v) the prototype operator P(«a) gets increasingly a—invariant,
positive and its essential range gets larger.

According to the alternative Weyl-Heisenberg expansion (5.13) we can redefine the generalized
Weyl symbol for any operator satisfying the spreading constraint in terms of the associated prototype
operator:

LG, f) = (P ().

Clearly, the continuous Weyl-Heisenberg decomposition (5.13) is highly ambiguous since the choice
of any alternative indicator function Y(7,v) that contains the domain of x (7, v),

XH(Tv V) = )?(7-7 V)XH(Tv V)v (514)
leads to a different prototype operator f’(a) according to
(a) -
S}S(a)( ) X( )

It is intuitively appealing to take the prototype operator with optimally concentrated spreading func-
tion but we now show that there is a more concrete reasoning for adopting this operator.
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Recall that the integral over the magnitude squared spreading function equals the Hilbert—Schmidt
norm of the operator:

P = [ [ xtrv)drdv.

This shows that among all indicator functions satisfying (5.14) the indicator function xp(7,v) has
minimum area and corresponds to the characteristic operator with minimum Hilbert—Schmidt norm.
Hence, one may define the prototype operator with spreading function xp(7,v) by the following
optimization principle:

P = arg min ||P||? subject to H= //Lgﬁ?)(t,f)f’(t’f)dt df. (5.15)
P
t f

The formal setup of such a minimum-norm Weyl-Heisenberg expansion provides an abstract
“short—cut” derivation for minimum-variance unbiased (MVUB) time-varying auto— and cross spec-
trum estimators (the details are discussed in the Appendices D and E):

e Given a noisy observation of a circular complex, zero-mean, nonstationary Gaussian process
x(t) with known spreading constraint . (7,v) (with regard to EA,(7,v)):

y(t) = x(t) + n(t),

where n(t) is circular complex, zero-mean, stationary white Gaussian noise with variance o2,
one can show that the MVUB estimator of the process’” Wigner—Ville spectrum is given by

EW,(t, f) = (PO/y,y),

where P is the prototype operator of the minimum-norm Weyl-Heisenberg expansion of the
process’ correlation operator R, according to the spreading constraint y..(7,v).

e Given an observation of a noise—free, circular complex, stationary white, zero—mean, unit—
variance Gaussian input process and noisy output process,

y(t) = (Hr) (t) +n(t),

where H is a linear time-varying system with known spreading constraint y(7,v) and n(t) is
zero—mean, circular complex, stationary white Gaussian noise, one can show that the MVUB
estimator of the system’s Weyl symbol is given by

2—:H(ta f) = <y7 f)(t7f)x> )
where P is the prototype operator of the minimum-norm Weyl-Heisenberg expansion of the
system H according to the spreading constraint y g (7, v).
5.3 Rectangular Constraint
Now and for the rest of this chapter we consider a rectangular spreading constraint defined as?:

S (7,0) = 5% (7, 1) X[ro.m0) () X[vp0] (V) (5.16)

2Such a spreading constraint basically corresponds to a non—causal LTV system. Causal systems can, however, easily
be incorporated into this framework by extracting an ideal time—delay system such that the spreading function of the

remaining subsystem lies inside the centered rectangle.
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Note that apart from the analytical feasibility of quantitative studies such a spreading constraint
corresponds to the practical setup of minimum a priori knowledge about a nonstationary environment.
Take for example the mobile radio channel [269] where 14 is determined by the maximum admissible
velocity of the radio stations while 79 comes out of the pragmatic modeling necessity of using Viterbi
equalizers with severely constrained tap number.

According to (5.16), the generalized Weyl symbol is a two—dimensional low-pass function which is
uniquely determined by its samples on a rectangular time-frequency grid with constants 7" < ﬁ and
F <5 respectlvely We have the following reconstruction equation:

L)y TFZZL (IT,mF) Lg), (t = IT, f —mF), (5.17)

where the generalized Weyl symbol of the prototype operator is given by:

(@) _sin(2mwpt) sin(277o f)
ot f) = o (5.18)
Equation (5.17) corresponds to a discrete Weyl-Heisenberg expansion of the operator H:
H = TFZZL (T, mF)PUTm) (), (5.19)

As pointed out in Section 5.1.2 such a discrete Weyl-Heisenberg expansion comes conceptually closest
to the idea of a time—frequency parametrized perturbed resolution of the identity. It must be empha-
sized that the eigenvalue interpretation of the GWS samples implies the assumption of an approximate
multiplicity T'F. This becomes obvious in the discrete trace formula, for a normal HS operator one

has:
SN LY AT, mF) Z Ak
[ m
However, such an eigenvalue counting argument starts to make sense for
TF > 1,

or, equivalently,
voTo S ]_/4

This threshold corresponds exactly to what we have introduced as critical spread. Hence, asymptotic
eigenvalue counting (in the spirit of [367, 106]) gives both an operator theoretic reasoning for the
underspread /overspread classification but also an intuitive indication of the critical Gabor density
(critical phase space density) as discussed in [28 43, 173, 292].

Oversampling, i.e. , T > 21/ and F' > 5— leaves a certain freedom in the choice of P(«). The
spreading function of the prototype operator has to satisfy the anti-aliasing condition:

(e} (6% k m o
P(L)(T,U)ZZS;I) <T— F’U_ ?> = Sg)(r,u).

This requirement is more severe than its counterpart in the continuous Weyl-Heisenberg expansion
(5.14). However, the freedom in the choice of the prototype operator may be helpful when it comes
to the realization of underspread operators via multiwindow methods as discussed in the previous
chapters.

5.4 Properties of Underspread Operators

So far our discussion of underspread operators was a manycoloured collection of intuitive arguments
with the main conclusion that for operators with constrained spreading the idea of a time—frequency
parametrized symbolic calculus may make sense. Following is a list of concrete quantitative results that
prove this conjecture. Moreover, we discuss further interesting properties of underspread operators.
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5.4.1 Jointly Underspread Operators

In order to formulate a theorem on the approximate symbol calculus we need to formalize the subspace
of underspread operators that satisfy the same spreading constraint.

Definition. Two operators H and G are jointly underspread with spreading constants to and vy when
their spreading functions satisfy:

S (r,v) = S5 (7,0) X701 (T) X[vowo] (V) (5.20)

Equivalently, one can say that two underspread operators G and H are jointly underspread whenever
any linear combination oG + SH is underspread. Jointly underspread HS operators form a subspace
of the Hilbert space of Hilbert—Schmidt operators with the reproducing formula:

H://<H,P(t’f)(a)>P(t’f)(a)dtdf, (5.21)
by

where P(«) is the jointly underspread prototype operator given by (5.18). The orthogonal projection
of a general HS operator H onto such a reproducing kernel Hilbert space can be formulated as a simple
multiplication in the spreading domain:

51(;,3 (Ta V) = Sj(l}l) (Ta V) X[*’T(),T()](T) X[fuo,uo](y)a

where Hp is the projected version of H.

In this chapter, we identify underspread operators as operators with restricted spreading (with no
general requirement on 7, vg). In any of the following theorems we will explicitly define the maximum
total spread mory for which the result is valid. However, all of these bounds start to make practical
sense for underspread operators in the sense of the previous chapters, defined by the asymptotic
requirement vy <K 1.

5.4.2 Approximate Multiplicative Symbol Calculus

In order to investigate the possibility of replacing the operator product by the product of the symbols
we need the spreading function of a product of two HS operators:

Proposition 1.1 The generalized spreading function of the composition of two Hilbert—Schmidt oper-
ators with sufficient decay of their spreading function is given by:

Séaf)l(Ta v) = //Sé“)(r’, V') 51(;) (r — 7', v — ) e 32 vlat1 2t (am1/2) =20} ot g,
55 (5.22)

We shall refer to this expression as twisted convolution which is the mathematical terminology for the
case a = 0 [125].
Proof: Based on the inversion formula for the generalized spreading function,

it 5) = [ S~ 5,0) 0002 0l

one can write the kernel of the composite operator GH in terms of the spreading functions of the
operators:

(GH) (t,5) — /(G) (t,7) (H) (r, 5)dr

= ///Sgl)(t—r,ul)sl(;)(r—s,m)

r vl U

_6j27r{u1[(1/2+a)t+(1/2—a)r]+y2 [(1/2+a)r+(1/2—a)s]}dr dl/l d]/g.



5.4 PROPERTIES 109

Then, using the definition of the generalized spreading function,

Sy (rv) € /h (t + (% — a) T t— <% + a) T) =iV gy

t

the spreading function of HG is given by a four—-dimensional integral

Sé?ﬁ,(r,u)=////Sg*)(wr(1/2—a)T—r,ul)s§;‘>(r—t+(1/2+a)T,UQ)

T vVl V2

eI2m{va[(1/24a)(t+(1/2—a)7)+(1/2—a)r]+r2 [(1/24a)r+(1/2—a)(t—(1/2+a)T)]} o =527t gt dp dvy dvs.

Since we have required sufficient decay, the integrand is in L; and we can interchange the order of
integration. Using the substitution ¢ — ¢; + t2/2,r — t; — t3/2, two integrals collapse by inverse
Fourier transform and by setting 7/ = t3 + (1/2 — a)7,// = 14 one arrives at the final result (5.22). 1

The twisted convolution (5.22) is not far from a conventional convolution which would correspond
to the perfect symbol calculus by virtue of the Fourier duality between Ly (¢, f) and Sy (1,v) (see
(B.14)):

LGH;LgLH - SGH;SG**SH-

Closer inspection of the disturbing complex exponential factor in (5.22) shows that for well-concentrated
spreading functions the twisted convolution approaches a conventional convolution. This thought can
be made precise by the following theorem [208]:

Theorem 5.1 The generalized Weyl symbol of two jointly underspread Hilbert—Schmidt operators H
and G with Tovy < 1/2 satisfies:

L& - LSLP| < 2sin(zrove(1 + 21al)) | SallillSul,
|28y — 2919 < samrosin? (rmuo(1 + 2lal)) |G H)?
GH i La oo sin® (mrorp (1 + 2| ,

where ||Syr||1 denotes the Li—norm of the spreading function

1uls & [ [1Su(rv) drd.

T

and |H||* denotes the Hilbert-Schmidt norm of the operator H.
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Proof: Starting from (5.22) we use the integral triangle inequality and estimate the integrand as follows
i~ 1425

= // {Sg)})](T, V) — (Sgl) * *Sﬁ?)) (T, y)} 2 W =I7) dr dy

= ////Sg)(T',U')SS)(T—T',U—U')

T v 7 Yl

. (6j271'[7'l/,(1/2—0()—T,V(1/2+OL)+2TIV,O£] - 1) ejQW(tV—fT)dT dvdr' dv/

T0o VYo T0 Vo
o] 1] ] st siem

—T0 —Vp —T0 —V0

IN

-sin (7['[7'21/1(1/2 — Oz) — T11/2(1/2 + a) + 27’11/104]) dm dvy dro dvs

max  {sin (7[ror1(1/2 — @) — 12(1/2 + a) + 211110]) }

|73 <70,|vi| <vo

0 VYo To Vo
. / / / / ‘Séa) (7'17 1/1)‘ ‘Sl(‘?) (7'2, 1/2)‘ dry dvy dro duy

—T70 —V0o —To0 —V0

= 2sin (mrove(1 + 2|a)) 1SS -
In the last step we have used the fact that

max {sin7[7/(1/2 — o) — 7'v(1/2 + a) + 27"V )]} = sin(77orp(1 + 2]al))

fOI‘ |T| S 70, |I/| S vy, |(1/| S 1/2, ToVo S 1/2

which is easy to check.
For asymptotic analysis it is appropriate to make this bound slightly coarser. For trace—class
underspread operators one has the fact that

ISH|lL < 4movotrvVH*H,

since

‘ng)(T, 1/)‘ < Z o = trvH*H,
k=1
as discussed in Appendix B, (B.22). Furthermore using sinx < x, one has
| Ly = L L] < 3207813 (1 + 2|a)tr VG G VETHL
Again starting with (5.22) we use the Schwarz inequality and based on (B.19):

[ 18t drdv = 82
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we obtain the Lo—bound as follows

-

IN

IN

[st5) — 52 4 s

219 219
/ / //ngl)(Tl, U')SJ(L?)(T — 7 v—1)
—210 —2v9 I’ V'

_ (eijTr[Tl/’(1/2704)*T’I/(l/2+a)+27"yla)} - 1) ar' | dr dv

70 70 (//|Sgl)(71,1/1)|2d7'1 d]/l)

—219 —219 71 V1

. (4/ /|S§_}1)(T — 7o, v — o) |2 sin® (7[rn(1/2 — a) — ov(1/2 + a) + 2m1eal) dr dUQ) dr dv

T2 V2
219 219
[ T (f st
—2719 —2v9 T1 V1

. (4//|S§?) (19, 19) 2 sin? (7[mr(1/2 — a) — T15(1/2 + a) 4 2m1n0a]) dry dl/2> dr dv

T2 V2

64 Tov[| G| max {sin2 (m[r21(1/2 — @) — Tia(1/2 + a) +272,,2a])}
il <70,lvil<vo, i€{1,2}

. (//|5§;“>(72,y2>|2d72 dug)

T2 V2

64 7ov0 sin” (wrove(1 + 2[al)) [|GII*|HI.

5.4.3 Approximate Commutativity

Theorem (5.1) suggests that two underspread operators commute in an approximate sense. A bound
can be immediately obtained by

IGH-HG| = |8, - 19|
< Jnsh-sipr | rspn -

IN

16 || G|/ H||\/Tovo sin T 1.

However, starting directly with (5.22) allows to obtain a slightly sharper bound, expressed by the
following theorem:

Theorem 5.2 The Hilbert—Schmidt norm of the commutator of two jointly underspread operators H
and G with Tovy < 1/4 is bounded according to

|IGH — HG||? < 64791 sin? (2rmo1p) || G|1%(|HJ|2.

Proof: For the case o = 0 (5.22) gives:

Sg’)l)LI(Ta V) = // Sg])(TI, IJI)SS)(T — 7"7 v — V'>6*J’7"{T'V+TV’}d7_l dlj/7

7-/ V,
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on the other hand one has:

Sgg(n v) = Sg)) (7', u')S}?)(T — v =) g

7-/ V’

We use these two formulas to write the HS—norm of the commutator in terms of the spreading func-
tions of the two operators which in turn gives the desired bound:

|GH — HG|?

- Isty-siuf

2
< // //Sg]) (', V')SJ(L?)(T -7 v—=1) (eij”(w’*T’”) - ej”(”/ﬂ',”)) dr dv dr" dv/'
219 29
< T T (] fsenmeinan)
—2719 —219 71 V1

- (4 / / 15 (g, o) |? sin? (wrvs — Tav]) dr2 duZ) dr dv

T2 V2

< 641 sin® (2rmowe) |G| H

5.4.4 Approximate Normality

Underspread operators are approximately normal, a fact that follows immediately from Theorem 5.2
considering the commutation of the underspread operator H and its adjoint H*. For an underspread
operator with yry < 1/4 one has the following bound:

|HH* — H*H||* < 64 ro sin? (2rrove) ||H|| .

In practice, (approximate) normality means that one can use eigendecomposition based methods
instead of singular—value decomposition based methods. Typically, this halves the numerical expense
as the singular-value decomposition requires the solution of two eigenproblems.

5.4.5 Realization via Multiplicative STFT Modification

The realization of linear time-varying operators via multiplicative modification of the short-time
Fourier transform (STFT) has been discussed in the foregoing chapter. There, we have seen that the
GWS of a system based on multiplicative modification of the STFT is given by
L () = Mt f) 5 W, ),

where M (t, f) is the multiplier function and W,sa)(t, f) is the generalized Wigner distribution of
the analysis/synthesis window. The question whether a given operator can be realized by STFT
modification can be studied by the generalized spreading function of the STFT-based system. It is
given by

S (rv) =m(r,v) A (r,0), (5.23)

Hstrr
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where
def
m(Tv U) =

Fron Pl AM(t, 1))
(@)

and Aga) (1,v) is the generalized ambiguity function of the window. Since Ay"/(7,v) is usually well
concentrated about the origin, (5.23) indicates that STFT based systems generically show small time—
frequency displacement. On the other hand, one may conclude that underspread operators can be
realized via STFT modification in so far as M (¢, f) can be found by a stable deconvolution. Precisely,
one can say the following:

Theorem 5.3 Any underspread operator H with g,y can be realized via multiplicative STFT modi-
fication, i.e., in the form

_ (t.5)
H_t/f/M(t,f)P7 dt df,

where P., is the rank—one projection onto an appropriately localized window, i.e., the ambiguity function
satisfies
1— ‘AEYO‘)(T, 1/)‘ <e, for |7 < 710, || < w0,

and M(t, f) is a bounded multiplier function.
The mazimum deviation between M(t, f) and the Weyl symbol Lg) (¢, f) can be bounded by

€
M) = L )] < 72— S
Y

This theorem establishes both a coarse and a fine matching aspect for STFT-based system design:

e With coarse matching aspect we mean the fact that any underspread system can be realized via
multiplicative STFT modification provided that the essential support of the window covers the
support of the system’s spreading function.

e The fine matching aspect regards the approximate realization of an underspread operator by
using the Weyl symbol as multiplier function (thus avoiding the numerical expense of the decon-
volution that leads to M(t, f) in an exact realization). The goodness of approximation depends
on the choice of the window, it can be measured in terms of e,. Note that e, can never vanish
due to the radar uncertainty principle (see Appendix F, (F.29)).

Proof: The theorem is totally restricted to the case @ = 0, for the sake of notational simplicity we
suppress the superscript.
Based on (5.23) the multiplier function is given by a well-defined deconvolution:

. 77 SH(T7U) 2w (vt—Tf)
M(t,f)_/ /714 e (5.24)

—T70 —Vo

Using the triangle inequality we can estimate the difference between M (¢, f) and Ly (t, f) as follows:

Mt f) = Lu(t, )| = U / (%—SH(W)) 2 WD) g

T0 —V0

0 1o
Sy (r,v)
< PH\DL )
< / / A7) Sy (r,v)| drdv
—70 —10
1 70 Vo
< |—= —1 / /|SH(7',U)|de1/
‘ M7 | <7y, || <vo A‘y (7—7 U) A

€
= 7 — 1S 1.
e,
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Using the matched Gaussian window defined as

2V _plog2
0

WO(t) = \[—e )
70

the ambiguity function of the matched Gaussian window is given by

_x (@Tz n m;)
A (r,v)=e 2\70 Vo

and its minimum on the underspread support is

9

s

A, (T,v) = e 27070, (5.25)

min
[T]<70,v| <o

Among general (normalized) Gaussian windows characterized by their ratio of the temporal and spec-

tral moment Tf and F3 as
y(t) =y 2F7/T76*W(F7/T,Y)t2,

it can be easily shown that the minimum (5.25) is maximum for the matched Gaussian. This is
consistent with our usual matching rule introduced in Section 3.3.5, Eq. (3.20):

L _n
F’Y IZ0)

For the matched Gaussian window the deviation between the Weyl symbol and the STFT multiplier
function is given by

Mt f) = L(t, /)] < (370 = 1) | Splh.

5.4.6 Local Stability of the Weyl Symbol

As already mentioned, for a general LTV operator the Weyl symbol is not a stable representation in
the sense that boundedness of the operator is reflected in the symbol and vice versa. Specific examples
can be found in [125]. However, in case of an underspread operator the Weyl symbol gives a locally
reliable information about the eigenvalue interval of an operator. One has the following theorem:

Theorem 5.4 The Weyl symbol of a self-adjoint underspread operator H with 1y, vy satisfies:

[sup L (¢, £) = Amax| < plISu ],
inf L (¢ 1) = Awin| < 2lSH 1,

where p is defined as
p= (egm"o — 1) .

Proof: From Theorem 5.3 we know that an underspread operator with 79,19 can be realized via
multiplicative modification of the STFT using a matched Gaussian window and the deviation of the
multiplier function M (t, f) from the Weyl symbol can be bounded as

LR (¢ 1) = Mt )] < (570 1) IS ). (5.26)

In order to couple the range of the Weyl symbol to the eigenvalue interval we also need the operator’s

(7)

short-time transfer function 7%’ (t, f) as introduced in the previous chapter,

T f) = (H,P)) = (HMTyy, My Ti).
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Analog to the proof of Theorem 5.3 one can show that the bias of the short—time transfer function
using a matched Gaussian is bounded as:

LD F) =T (8 )] < (1= e 30) IS 1. (5.27)
Moreover, in the previous chapter we have seen that TI(] ) (t,f), M(t,f) are lower/upper Weyl-
Heisenberg operator symbols in the sense that:
Mwin < T (1) < A
inf M(t, f) < Ak <supM(t, f),
which by combination with (5.26), (5.27) and by recognizing that
l—e®<e®—1, r €R,

conclude the proof. ]

This result is in the spirit of various (much more sophisticated) mathematical work [238, 65, 180].
Moreover, the theorem shows that the Wigner—Ville spectrum of an underspread process is essentially
positive, an issue that has received interest in the engineering literature [118].

General HS operator. Theorem 5.4 can be easily generalized to non—selfadjoint Hilbert—Schmidt
operators. Let H be an underspread operator with spreading constants 7y,7vq, then the composite

operator
R = HH"

is positive, self-adjoint and underspread with spreading constants 27y, 21y. The maximum eigenvalue
of R is the squared maximum singular value of H,

IR0 = Amax,R = ||HH*||00 = ||H||?>o = J1211ax,H-
Theorem 5.4 says that
0 TTO U
jsup [LQ (¢, )] = IRllo| < (270" = 1) 112+ 1.
and according to Theorem 5.1 one has

2
LR 6.1) = £ | < 2sin (rrane) 15

Combining these inequalities allows to bound the difference between the magnitude squared symbol
and the squared supremum norm of the operator:

2
sup |L (4, )| = IHZ | < (7% = 1) 1S |1 + 2sin (wrov0) || S|}, (5.28)

The last two theorems are restricted to the case « = 0. However, they essentially hold for arbitrary
«. This a—invariance of the GWS for underspread operators is the topic of the next section.

5.4.7 Approximate a—Invariance

Starting with v = 0 any member of the family of generalized spreading functions can be obtained via
a unimodular multiplier function (B.15):

Sl(;) (r,v) = Sg]) (1,v) e 92mTe,

This relation immediately shows the a—invariance for LTI and LFT operators, because we have for L'TT
operators v = 0 for SJ(L?)(T, v) # 0 and for LFI operators 7 = 0 for SJ(L?)(T, v) # 0. Indeed, LTT and
LFT operators are limit cases of underspread operators. For a general underspread operator one can
formulate the following a—invariance theorem (we remind the reader that we always require |o| < 1/2):
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Theorem 5.5 The generalized Weyl symbol of an underspread operator is approrimately a—invariant.

In particular, for underspread operators H with the specified spreading constants one has the following
Loo—bounds valid for |a| < 1/2:

(0% (63 . ].
G0 - 257] < 2sinGrmoelan - as ISulls o < 3,
1L 2 = 1L < 2sin (27 — o)) |Sul? L
H H ovolon — az]) | SH|T, Tovy < 7.

For underspread Hilbert—Schmidt operators, the corresponding Lo—bounds are given by:

(0% « 2 . 1
|5 =52 |7 < asin® (rrovo (a1 — o)) [|HP, o < 3,
2 . 1
LSV = ILG P < 6amovg sin? (Smrovo(ar — as)) [ H, Tovy < —

16

This theorem allows to show the approximate equivalence of various classical definitions of a time—
varying spectrum for underspread processes (see Section 2.5.3) [212]. Just as discussed for Theorem
5.1, for trace class operators one has coarser but simpler L,,—bounds:

o o 1
\L;,H_L;,z) < Srrdvd|an — ao|trv/HYH, oo < 3,

1
LGP =1L P < sanmiiglon —aole® VEPH, 7o < .

Similarly, we have the following bounds for the Lo—bounds for Hilbert—Schmidt underspread operators:

2 1
|50 167" < arBiglon— P, o < .
a a 2 1
IESVR = 1LG2P < s12r?rmvg(an — a0)? )", ot < 7.

Proof. For the proof of the first L.,—bound we use the integral triangle inequality as follows:

‘LS—IOZI) _ LS{OZQ)

// {Sg}“)(n v) — 55?2)(7', u)} 2= ar dy

S // ‘Sg{]) (7_7 I/)‘ ‘6*]'2777'1/041 o 67]’2777’11042 dr dv
vo Vo

= // ‘Sg}) (T, 1/)‘ 2sin (r7v|ay — asl) dr dv
70 T0

< 2sin (rrovp|lag — a2|) ||1SH]1,
where in the last step we have made use of the requirements mo1y < 1/2 in the following sense
max  {sin (77v|a; — as|)} = sin (7o — azl),
|7|<70,|v|<v0

which is always valid since:

TToVglay — ao| < /2 lon —as| < 1.
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The proof of the second L,—bound goes along the same lines:

12 =1Ly

////{Sgl)(TlvVI)Sgl)*(Tl—7',1/'—y)

T v 7y

—SI(T_?Q)(TI, 1/')551?2)*(7" -7,V - 1/)} eI2*t=11) dr dvdr’ dv'

o]l
) ‘6*12“[T'V+V'T*TV}0¢1 — e il vtV Tl | g gy gt qy!
< 2//// ‘SJ(L?)(TMA)‘ ‘Sj(‘(l))(TZaVZ)‘ 2sin (m(nyv1 — Tova)|n — ag|) dry dvy dry dvy

TL V1 T2 V2

< 2sin (2rmorglon — azl) |SH||3,

where we have used

max {T11/1 — TQI/Q} = 27’01/0,
|m5] <70,|Vi|<vo

and the requirements 7oy < 1/4 and |a; — as| < 1 such that
2wl |041 — 042| < 7['/2.

For the proof of the Lo—bounds we need the unitarity of the spreading function:
// |Sp(7,0)|? dr dv = |H=2.
T V

The proof of the first Lo—bound is straightforward:

= st - s

2 . .
0 — _
B / /‘S( )(7', 7/) ‘6 j2rTrag e 72T TV
T v

= ‘S(O)(T V) ’ sin? (mrv(ay —
= H ) 1 042)) dr dv

2
dr dv

< 4sin? (rrovp(a — a2)) ||H||2,

where in the last step we have used the fact that oy — as < 1 and 7ory < 1/2 with the reasoning
analogous to the proof of the L,,—bound.
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In the proof of the second Lo—bound we use the Schwarz inequality and proceed similarly to the
foregoing proof:

iz = e

= HS%II)(T, V) * *Sl(;l)*(—T, —v) — ng)(T, V) x *S’gf)*(—r, —u)H2

219 219

= / / //SJ(L?)(T', I/I)Sg-])*(TI -7,V —v)

—279 —2v9 i7" V'

. . 2
— 327 ! . _ / ’,
-{e j2m(rv/riv—Tvjon _ e j2m (v +7'y TV)a?}dT' dv'| drdv

219 2v9

// //‘sﬁ?)(n,ul)fdﬁdyl

—2710 =219 71 V1

IN

2 . . 2
. //‘Sg)(TQ — T, Uy — I/)‘ ‘e—jQW(Tyg—i-Tzu—Tl/)al o e—]ZW(Tug—l—Tgu—Tl/)ag dro dvs | dr dv

T2 V2
219 219 ,
N / / ”HHQ//‘SS)(T'W') asin? (n(rv' + v + V) (a1 — a2)) dr dv dr’ d'
—2719 —2v9 P

< 64mory sin® (8w (e — a)) ||H||4,
where in the last step we have used the spreading requirement 1oy < 1/16, which together with

max {7V + 7'v + v} = 8711,

subject to 7| < 270, |7 < 70, |V| < 210, V'] < 1,

and oy — ag| < 1, implies
87TT01/0|O[1 — 042| < 7['/2.

These a—invariance results show that many of the classical time—frequency parametrized operator
representations are essentially equal for underspread operators and it is a matter of convenience (ease
of a numerical implementation) which version of the generalized Weyl correspondence is used.

5.4.8 Approximate Eigenpairs

The optimum design of structured sets of approximate eigensignals was one of the main topics of the
previous chapters. More than once, we have observed that given the mere knowledge of the spread-
ing support of an operator, one has a time—frequency shift-covariant characterization of approximate
eigensignals. By covariance we mean that one can produce a manifold of approximate eigensignals
by time-frequency—shifting of an appropriate prototype. However, while we have presented both
optimum and low—cost design criteria for approximate eigensignals, we still have to investigate the
goodness of the approximation. We stress that it does not make sense to measure the deviation from
a true eigensignal (in e.g. Lo—sense) because these true eigensignals are in general complicated, un-
structured signals. Moreover, determination of eigenfunctions is always tied to the determination of
the corresponding eigenvalue. For underspread operators we expect that when we shift an appropri-
ately localized prototype function to (tg, fo) it is just the value of the Weyl symbol at (tg, fo) which
determines the (approximate) eigenvalue:

?

H,y(to,fo) LSL?) (to, f0>,y(t0;f0)
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Hence, we define the Lo—deviation from this idealized property to quantify the concept of approximate
eigensignals.

Theorem 5.6 Given an underspread operator H with 19,19 and a normalized prototype function ~
which achieves appropriate localization in the sense that

|A‘Y (T7 V) - 1|X[—270,270](T) X[—Quo,Ql/o](U) < )

then, the time—frequency shifted versions v\t and the corresponding values of the Weyl symbol
Ly (t, f) form an approximate eigenpair in the sense that

||H7(t7f) — LH(taf)W(t,f)HZ < 2sin(mrovy)||SH||1 + € (||SHH||1 4 2||SH||%) ,
with 7(7’”) (t) = y(t — T>6j27ryt‘

Proof: Normalized prototype implies:
vl =1 — A,(0,0)=1.

The assumption of “appropriate localization” allows to split up the ambiguity function of the prototype
as

def
A’Y(Ta V) -1 = p’y(Tv V)v

where, within the doubled underspread support, the magnitude of p,(7,v) is bounded by e,:

|p'Y (T7 U)| X[*ZT(),ZT()] (T) X[*ZVO,ZV()] (U) S 6’)"

The ambiguity function of a time—frequency shifted version of the prototype function is then given by
(see (F.26)):

Ay (rv) = Ay(r,w)e 2TV = (14 py(7,v)) e 20T

First, we estimate the difference between the quadratic form and the Weyl symbol:

|(Fy 0D 0D — Lyg(e, £)|

= <SH,A—Y(t,f)> — Lu(t, f)‘
70 Vo

_ / / S (7, v) A* (7, 0) D) dr dy — Ly (2, f)‘

—70 —V0

70 Vo

= / / Su(r,v)p5 (T, )e? 2= dr dy

=70 —V0o

70

< / / 1S5 (7, )ps (7, )| dir dv

—T0 —Vo

< & |ISull; -
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Second, we estimate the difference between the output energy and the magnitude-squared Weyl sym-
bol, to this end we employ Theorem 5.1 and (C.11)

IN

<

(S AT

<SH*HaA7(t,f)> - |LH(taf)|2‘
70

Vo
| | S Ay = de v~ L )P

—70 —V0

219 2v9

Ly-pu(t, )+ / / SH*H(T,V)p,";(T,V)eﬂ”(”t*”c) drdv — |Lg(t, f)|?
~270 21
270 2up
Lin(t.0) = Lut. NP+ [ [ 1Suurv)p, ()] dr v
270 =21

2 sin TV ||SH||% + ey [|Sen (7, )] -

For the sake of a compact notation we introduce:

EH,I(ta f) déf <H7(t’f)77(t’f)> - LH (tv f)v

st f) OO~ L e, )P

We split up the Lo—norm of the theorem via,

and get:

lz =yl = llI* — 2Re {{z, )} + |yl

IHA D) — L (2, £ D)2

[F9 @0 — 2Re {5, 1) (B0, 1DV} + |t )
\Li(t, f)]* + ema(t, f) — 2Re {Ly (t, f) (Lu(t, f) +ema(t, f))} + [Lu(t, f)?
ena(t, f) — 2Re {Ly(t, flema(t, f)}

2sin(rrov0) | Sulli + € (1Su-nll} + 2 [Re {Lu (¢, £)})

Finally, we estimate the Weyl symbol by the Li;—norm of the spreading function as follows:

[Re{Lu(t, )} < |Lu(t f)|

//S’H(T, v)e 1271 qr dy

T

IN

1551,

which concludes the proof. ]

An appropriately localized prototype function can be found by our usual matching rule:

TV_E

F’Y IZ0)



5.5 NUMERICAL EXPERIMENTS 121

B N Overspread Critical spread Underspread
rror o (Fig.5.1) (Fig. 5.2) (Fig. 5.3)
|Len — LaLu| 196 52 9.5
|G/ HL]
IGH -G @ H|| 1.39 0.35 0.035
1G] o [IHL]]

Table 5.1: Error norms corresponding to the experiments of Figs.5.1-5.3

As already pointed in Section 5.4.5, for a Gaussian prototype the matching rule obtains the optimum
duration/bandwidth in the sense of minimum e,. That is, given the matched Gaussian pulse:

2Uy _grog2
T0(t) = {[=2e ™",
70

_z

ey =1—e"2

we have (see (5.25)):

]

Such that the eigenpair deviation reduces to a bound approximately proportional to the square of the
operator’s total spread (oy = 41o1p):

IHy D — Ly (t, f)y D)2
—Z 1910 2
< 2mrovol|Sulli + (1= e 3% (1|S-mlls + 2] })

~ gafqtrv H*H (1 +tr H*H) .

5.5 Numerical Experiments

The applicability of the symbolic calculus of underspread operators has already been demonstrated in
the previous chapter by the Wiener filter example. We now consider the simple multiplicative symbol
calculus (“twisted product”) for simply designed underspread, critical and overspread operators with
“down—chirp” / “up—chirp” structure, see the Figures 5.1-5.3. The twisted product of two operators is
defined by an obvious, three—step procedure consisting of: (i) computing the generalized Weyl symbols
of both operators, (ii) pointwise multiplication of the symbols, (iii) applying the inverse generalized
Weyl correspondence to this product. Based on the continuous Weyl-Heisenberg expansion one can
define the twisted product formally by:

GoH M / / Le(t. f)Lu(t, f)P(t. fdt df.
f

t

where P(¢, f) is the infinitesimal prototype or its discrete-time counterpart.
In Table 5.1 we have listed the Hilbert—Schmidt norm and the standard operator norm (maximum
singular value) for the experiments corresponding to Figures 5.1-5.3.
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Figure 5.1:

ON UNDERSPREAD OPERATORS

(C))

(O]

|La=a-(t, f)l, (e) La(t, f)Lu(t, f), () [Se+m(r,v)|.

®

Symbolic calculus for overspread operators: (a) La(t, f), (b) Ly (t, f) (¢) |Lau(t, f)], (d)
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Figure 5.2: Symbolic calculus for operators with critical spread.
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Figure 5.3: Symbolic calculus for underspread operators.
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5.6 Summary

We have studied a subspace of the Hilbert space of Hilbert—Schmidt operators defined by a compactly
supported spreading function:

Su (T, V) = SH(Ta V) X[~70,70] (T> X[fuo,uo](’/)'

Such operators correspond to slowly time—varying systems with limited memory or to the covariance
kernel of a nonstationary process with limited temporal/spectral correlation width. The total spread

def
on = 4muvyp,

is a fundamental parameter for the identification (estimation), realization and interpretation of un-
derspread operators and their Weyl-Heisenberg symbols.

For bounded Sy (7,v), we have shown that underspread operators and their generalized Weyl
symbols are asymptotically consistent with LTI operator theory. The total spread oy is the critical
parameter of all asymptotic results:

e Asymptotic validity of symbol calculus for jointly underspread operators:

Lo — LaLal?
IG|1? 1=

= O(ch).

Asymptotic commutativity of jointly underspread operators:

|HG - GH|” 3
—————— =0(oy).
IGI”* =]
e Asymptotic normality:
“H:H:)k — H:*I_IH2 ( 3 )
OH
1E|*
e Asymptotic local stability:
sup |2t AP — IHIE|

tr2v/H*H

Asymptotic a—invariance:

Ly ) = L, )|
trvVH*H

= O(o%)-

e Approximate equivalence with (matched window) STFT-multiplier symbol:

|M(t7f)_LH(t7f)|

— O(0%).
tr/H*H (o17)

e Approximate eigenpairs:

| BA D — Ly, )5 H2
trvH*H (1 + tr\/}ﬁ) -

O(c%).



Chapter 6

Conclusions

The main results are summarized and open problems for future research are pointed out.

6.1 Summary

The time-varying transfer function of an LTV system and the time-varying power spectrum of a
nonstationary process can be reduced to the same mathematical concept: One maps a linear operator
onto a function of time and frequency, a Weyl-Heisenberg symbol of the operator.

We have studied various definitions of such Weyl-Heisenberg (WH) symbols, in particular the
generalized Weyl symbol Lsﬁ?)(t,f) which comprises Zadeh’s time—varying transfer function (Kohn—
Nirenberg symbol) and the Weyl symbol. The (generalized) Weyl symbol of a correlation operator
is equivalent to the (generalized) Wigner—Ville spectrum of a nonstationary process and Zadeh’s
time—varying transfer function is closely related to Priestley’s evolutionary spectrum. The “naive”
interpretation of the WH symbols is given by the concept of a time—frequency—parametrized eigen-
value distribution (in the sense of generalizing the frequency—parametrized eigenvalue distributions of
translation invariant operators).

We have introduced a formal interpretation of the generalized Weyl symbol (GWS) in the form
of a continuous Weyl-Heisenberg expansion of a Hilbert—Schmidt (HS) operator (we suppress the
a—parametrization):

Hzt/f/LH(t,f)P(t’f)dtdf with LH(t,f):<H,P(t’f)>, (6.1)

where P is an infinitesimal prototype operator which does not admit a helpful physical interpretation
as it introduces arbitarily large time-frequency shifts (while our “naive” interpretation would require
a perfect “time—frequency localizator”). This has led to the conclusion that one has to restrict the
class of HS operators where the eigenvalue interpretation of the GWS works in an asymptotic sense.

The generalized spreading function S (7,v) is the Fourier dual of the generalized Weyl symbol
leading to a decomposition similar to (6.1) based on the time-frequency shift operator

H-= //SH(T, V)ST)dr dvy with Sy(r,v) = <H, S(T’”)>. (6.2)

The time—frequency shift operator S(™*) admits a meaningful physical interpretation: It corresponds
to the time-delay and Doppler—shift as it appears, e.g., in any time—varying multipath environment.
Irrespective of the actual physical scenario, the spreading representation (6.2) holds for any HS op-
erator and it can be extended to certain important non-HS operators. The magnitude of Sy (1,v)
is definition-independent and we have seen that particularly the support of Sy (7,v) is helpful for
classifying “natural” and “synthetic” linear operators.

124
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We have studied operators with restricted spreading characterized by a limited support of the
spreading function Sy (7, v):
SH(Ta V) = SH(Tv V)XH(Ta V)a

where Yz (7,v) is a 0/1-valued indicator function. We have shown that based upon this indicator
function the generalized Weyl symbol can be redefined via a different prototype operator P:

Lyt f)= (P with  S5(r,0) € xu(rv). (6.3)

Considering y g (7, ) as incomplete, realistic a priori knowledge about a nonstationary environment,
the prototype operator P is matched to the nonstationary environment both in the abstract way of
minimum HS norm and in the concrete sense of conveying optimum estimators:

e In contrast to the infinitesimal prototype P, the operator P is (i) Hilbert-Schmidt and (ii) it does
not introduce arbitrarily large time—frequency shifts. Among all admissible prototype operators
(for which (6.1) holds true) P is marked out by (i) minimum HS norm and (ii) minimum amount
of potential time—frequency shifts.

¢ In a usual time—varying spectrum estimation setup the optimum estimate can be formulated as
a quadratic form of the observation based on P.

e In a usual system identification setup the optimum unbiased estimator is given by a bilinear
form of the input/output observation in terms of P.

In practice one has to consider finite-rank approximations of the prototype operator. An optimum
rank-one reduction of P leads to a, typically pulse-like, prototype signal +(¢) which is matched to
nonstationary environments for various different setups:

e Optimum STFT/Gabor window for the representation of nonstationary processes.
e Matched STFT window for the linear filtering of nonstationary processes.

e Optimum distortion free pulse for the transmission over a WSSUS channel (here y (7, ) char-
acterizes the support of the channel’s scattering function).

Operators with restricted spreading have been specialized to the case of a rectangular support:

XH(Ta V) = X[—TO,TO](T)X[—VO,VO](V)7

where 7 is the maximum time shift and v is the maximum frequency shift. Based upon this definition
we have introduced as precised version of the classical underspread/overspread classification of LTV
systems which has been originally introduced for the case of nonstationary processes: We call a
process/system underspread when 7oy < 1 and overspread in the converse case.

For underspread operators we have shown practically relevant results as follows:

e For jointly underspread operators the generalized Weyl symbol of the product operator is ap-
proximately equal to the product of the symbols:

LHng (tv f) ~ LH1 (tv f)LHZ (ta f)a

where the approximation gets better (both in Ly and L., sense) with decreasing product muvy.
This result shows in particular that it is the class of underspread environments where one can use
a time—varying power spectrum and a time—varying transfer function for applications involving
operator algebra (Wiener filter, equalization, inverse filtering, etc.).
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e For underspread operators the generalized Weyl symbol gets increasingly a—invariant with de-
creasing spreading product 7ovy:

LSV, 1)y~ L5, f).

This result can be related to the longstanding discussion about the “optimum” definition of
a stochastic time—varying power spectrum: For the class of underspread processes (where the
notion of a time-varying power spectrum makes sense) all of the classical definitions (in particular
Priestley’s spectrum and the Wigner—Ville spectrum) are essentially equivalent.

e The generalized Weyl symbol of an underspread operators is uniquely characterized by its sam-
ples on a rectangular grid (“matched grid”) with constants characterized by
T T0 1

—=— d TF = .
F 1Z1) an 47’07/0

Sampling the symbol leads to discrete Weyl-Heisenberg expansion as follows:

H=TF> Y Ly(IT,mF)piTm",
ko1

the discrete counterpart of (6.1). We have pointed out the consequences of this result for (i)
the estimation and optimum filtering of underspread processes, (ii) the representation, identifi-
cation and realization of underspread LTV systems. Moreover, we have observed the intuitively
appealing fact that our “naive” eigenvalue interpretation starts to make sense for

TF =1,
i.e., the critical density of WH—frames.

e For underspread environments the matching of a prototype signal (window, transmission pulse)
has been approximately reduced to the simple rule:
5L _m
FFY 1Z0] ’
where T, and F, are the duration/bandwidth (defined via second order moments) of the proto-
type signal.

Any time—frequency shifted version of such a matched prototype signal is an approximate
eigensignal of the underspread operator and the generalized Weyl symbol determines the corre-
sponding eigenvalue:

Hry(taf) ~ LH (t7 f)’y(t’f)y Wlth ry(taf) déf S(t’f)/y

6.2 Future Research
In what follows we list various open problems and potentially fruitful connections for future research:

e The asymptotic theory of underspread operators is conceptually equivalent to the asymptotic
relation between quantum mechanics and classical mechanics [359] or between wave optics and ge-
ometric optics. These asymptotics are utilized in mathematical physics by the so—called Wentzel—
Kramers—Brillouin (WKB) method (see [241, p.208] for the quantum mechanical context or [396,
p.307] for the wave propagation context). In order to illustrate this parallelism recall that the
basic idea of the underspread asymptotics can be formulated by the commutator of time and
frequency shift operator:

IM,T; — T-M,|loe = ST (1/2) — ST (=1/2) |00 = 2sinmrr.
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The analog result for the Schrodinger representation of the Heisenberg group [125] is
|R(=hp.q,1/2h%pg) = R(=hp,q,=1/2h*pq) | _ = 2sinmpgh?,

where h is Planck’s constant. Hence, 7 — 0 is mathematically equivalent to h — 0 in so far as
the commutator of the fundamental building blocks (time and frequency shifts in our case, posi-
tion and momentum in the quantum context) approaches zero. But h — 0 characterizes exactly
the asymptotic correspondence between classical and quantum mechanics. However, while the
mathematical background is identical, the details are quite different [359]. The WKB method
is used for the approximate, theoretical solution of eigenvalue problems involving (noncompact)
partial differential operators while our underspread theory is based on a subspace of Hilbert—
Schmidt operators in a way that is easily extended to a discrete, numerical setting. Notwith-
standing these fundamental differences, we feel that the parallelism with the WKB method is
certainly a promising direction for further investigations.

e One of the basic problems associated with our underspread definition (sharply restricted spread-
ing function) is the fact that jointly underspread operators do not establish an algebra, because
the twisted convolution enlarges the support of the spreading function just as a regular convo-
lution. One possible way to overcome this problem is by defining a truncated, twisted product

as: ~
GoH Y SN Lo(T,mF)Ly(IT, mF)PITm),

[ m

where P is the matched prototype operator of the underspread environment. It is easy to see
that G @ H defines a commutative algebra of jointly underspread operators. It is very likely that
this property comes at the cost of an increased approximation error (w.r.t. the natural operator
product GH) compared to the continuously defined twisted product.

e For the derivation of key results about underspread operators we have often used a short—time
Fourier transform (STFT) based on a (matched) Gaussian window. Such an STFT is closely
related to the Bargmann transform [175, 125]:

(Bx) (1) & e(m/2Wl o=i2mts 297 pr(0) (1, 1),

with ~(t) e g1/4g—mi? and o o t+if.

For x € L5(R), Bz is an entire analytic function. Hence, we conjecture that via the Bargmann
transform one can learn more about the “inner symmetry” of time—frequency representations by
analytic function theory.

e This thesis was exclusively devoted to a continuous-time, Ly (R) setup. However, we know that
all basic results essentially carry over to the finite (periodic), discrete, and finitely discrete case.
Instead of performing such a generalization in a piecemeal fashion (tedious computations leading
to almost predictable results), we suggest to define underspread operators on locally compact
abelian (LCA) groups that enable a combined, abstract treatment of the standard engineering
setups [390, 155, 284].

e The use of generalized time—frequency sampling lattices is a natural extension of the Gabor
window matching theory (where the discussion was restricted to rectangular sampling grids).
We expect that given an underspread operator with elliptical spreading constraint, a hexago-
nal time—frequency sampling lattice leads to better performance in the sense of approximate
diagonalization. Just as stated for the previous point, the theory of LCA groups allows a
straightforward treatment of generalized (nonseparable) time—frequency sampling lattices.
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APPENDIX A: Linear Operator Theory

This appendix summarizes some facts of linear operator theory matched to the scope of this thesis.
With this summary we hope to give a reader with usual engineer’s mathematical level the necessary
mathematical definitions to follow the main ideas. A comprehensive monograph about standard linear
operator theory (on engineer’s level) is [252].

A.0.1 Representation of Linear Operators

A linear operator H maps an input signal z(¢) onto an output signal (Hz) (¢) in a way such that a
linear superposition law holds:

(H 1wy + pows]) (1) = po (Hay) (8) + po (Hao) (2), (A1)

where pq and po are two arbitrary complex numbers. Unique representation of H means implicit or
explicit knowledge of any input-output mapping x — Hx. With the fundamental property (A.1) in
mind it is clear that the explicit setup of all input—output mappings is highly redundant (this would
be necessary in the case of a general nonlinear operator). Once we know the output (Hzg)(t) for a
certain xo(t) we know the output for any scalar multiple paxg(t). In this work the linear operators
usually act on Lo(R), where we can write any signal in terms of an orthonormal basis:

o0

x(t) = Z (x, ug) ug(t) with (r,ur) = /x(t)ui(t)dt. (A.2)

k=1 t

The action of the operator on z(t) can be traced back to its action on the basis elements u(t), where
we assume that the sum actually converges (the next section will provide the condition on H for the
convergence of (A.2)):

(Ho) () = 3 (s ue) (Huy) (6).
k=1

We can obtain an entirely discrete representation of H by expanding the output signal in terms of the
basis:

(Hz,u) = i (x, upr) (Hugr, ug) . (A.3)
k=1

Hence, we have a discrete representation of the operator H by the matrix H(k, k') = (Hug, uy),
provided that (A.2) converges.

However, the usual operator representation is by a continuous kernel h(t,s) in the form of an
integral operator:

(Hz) (1) = / h(t, s)z(s)ds. (A.4)

The kernel is just the continuous counterpart of the above defined matrix H(k, k'), with the main
difference that now the representation is formally based on the continuously parametrized ”basis” of
delta pulses:

h(tto) = (Hoy) (1), with / 2(1)54, (1)t = (to).
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A.0.2 Hilbert—Schmidt Operators

In the bulk of this work we restrict the discussion on operators with square—integrable kernel h(t, s):

//|h(t,s)|2dt ds = |[H||? < . (A.5)

An operator that meets this requirement is called Hilbert-Schmidt (HS). The norm ||HJ|? is called
Hilbert-Schmidt norm' and may be defined — without explicit use of an operator representation —
just in terms of the action of H onto an (arbitrary) orthonormal basis {uy, }:

[ [ 1nte o) deds = [F? = 3 [Fu (4.6)
L k=1

Hilbert—Schmidt operators always possess discrete representations in the form of a (potentially infinite
dimensional) matrix H(k, k') = (Huy, ug). Once this is granted, the Hilbert—Schmidt norm of H is
just the Frobenius norm of H(k,k"). Tt is furthermore of practical importance that one can always
find finite-rank approximations Hy of a Hilbert—Schmidt operator H in a way such that

IH—-Hy|><e for some N < oc. (A7)

Thus by an appropriate choice of the basis {uy} in (A.3) we can represent a Hilbert—Schmidt operator
by a finite—dimensional matriz with arbitrary good precision. This is of fundamental relevance for the
numerical simulation of such operators. Unfortunately, there exist technically important operators
that are not of HS—type, most prominently the linear time—invariant operators. The differences and
parallels in the treatment of HS—type and non—HS operators will be discussed in the following sections.

HS Operators as Elements of a Hilbert Space. In various applications of linear operators it
is useful to consider the operators as elements of a Hilbert space. This is particularly simple for
Hilbert—Schmidt operators, where one defines an inner product according to

o0

(H,G) S (Huy, Guy) ://(H) (t,5) (G)* (¢, s)dt ds. (A.8)
7

k=1

Here, {uy(t)} is an arbitrary orthonormal basis of Ly(R). The norm induced by the inner product
(A.8) is indeed the Hilbert—Schmidt norm (see (A.5) for the definition). The linear map from the
kernel (H)(t,s) onto its operator H is thus an isometric isomorphism from Ly(R?) onto the Hilbert
space of Hilbert—Schmidt operators.

A.0.3 Eigenvalue and Singular Value Decompositions

One of the key ideas in the study of linear operators is to split the rather complicated general input—
output relation into simpler “subsystems” in order to understand the behavior of the operator. One
way of obtaining such decompositions is to consider the special case of an eigensignal. An input signal
x(t) is called eigensignal of the operator H when it meets the following equation

(Hz) (t) = Az (t) (A.9)

i. e., the output signal (Hzx) (¢) is a weighted version of the input signal =(t); the (generally complex)
factor A is the corresponding eigenvalue.

'In this respect, we deviate from the usual notation in the mathematical literature, where the operator norm is defined

as ||H|| = sup{||Hz|| : ||z]| = 1}. One has of course ||H||_ < |H]|.
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Solution of (A.9) yields a manifold of eigensignals uy(t) and corresponding eigenvalues ;. The
properties of these eigenvalues allow to distinguish subclasses of linear operators.

Normal Operator. If the eigensignals uy () set up a complete orthonormal basis of Lo(R) then the
operator is called normal. A usual, equivalent definition of a normal operator is given by the property

HH* = H'H, (A.10)

i. e., a normal operator commutes with its adjoint. (The adjoint of an operator with kernel h(t, s) has
the kernel h*(s,t), where the asterisk denotes complex conjugation.)

Complete solution of the eigenvalue problem yields a useful representation of a normal operator,
namely the spectral decomposition

h(t,s) = Z Atk (t)ug(s). (A.11)
k=1

Self-Adjoint Operator. If, additionally, the eigenvalues are real-valued, then the operator H is
self-adjoint. A self-adjoint operator is defined by the requirement:

H=H". (A.12)
The self-adjoint operators represent a subclass of the normal operators.

Projection Operator. An important special case of a self-adjoint operator is the orthogonal pro-
jection operator which is marked out by being idempotent:

P2 =P, and P =P*. (A.13)

The projection operator is in one-to—one correspondence to a linear signal space §. It provides the
formal solution of the fundamental problem of finding that signal xs € S which has the minimal
Lo(R)—distance to a given signal = ¢ S:

(Psz) (t) = argmin ||z — zs||. (A.14)
zs

Note that the requirement for idempotency alone admits skew projections too. The eigenvalues of a
projection operator are either 0 or 1, the spectral decomposition is given by

N

N
(P) (t,5) = Y up(t)uj(s) = D (Py) (t,9), (A.15)
k=1

k=1

where N is the dimension of the corresponding signal space and {uy } is any orthonormal basis spanning
the corresponding signal space.

Having set up the notion of a projection operator we can reformulate the spectral decomposition
of a normal operator (A.11) as a weighted sum of projections:

h(t,s) =Y APy, (A.16)
k=1
where the projection operators establish a so—called resolution of the identity,

I=> Py, P.P; = Pou. (A.17)
k=1

Important examples of (infinite-rank) projections are the (ideal) band-limitation operator By and
the time-limitation operator Dy with kernels:
sin (27 f (t — s))

(Br) (1.5) = =2 (D) (t,5) = 0(t = sPxirmy(®). (A1)
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Unitary Operator. A unitary operator preserves the norm (energy) of a signal, i.e.

[U)? = . (A.19)

This property is equivalent to requiring
Uu*=U0'U=1; (A.20)
a unitary operator is thus normal and all eigenvalues are unimodular |A\| = 1. An, in our context,

important example of a unitary operator is the time—frequency shift operator defined as
(8C)2) (1) = w(t — 7)er>™, (A.21)

where the superscripts 7 and v denote the amount of time shift and frequency shift, respectively. The
(generalized) eigenfunctions of the time—frequency shift operators are frequency—shifted versions of

so—called chirp signals with chirp rate equal to Z,

uy(t) = 2 Huh), Ay =G e R (A.22)
where A, are the corresponding eigenvalues and p € R.

Singular Value Decomposition. For a general HS operator the eigenvalue problem may not yield
a complete orthonormal basis of eigensignals. In this case, one has to study the eigenvalue problems
of the composite operators HH* and H*H [252]; these operators are HS and nonnegative self-adjoint,
and thus yield two complete orthonormal bases of so—called singular signals. The right singular signals
v (t) are the eigensignals of HH* and the left singular signals uy(t) are the eigensignals of H*H. The
two composite operators have the same (positive, real-valued) eigenvalues whose square root are the
so—called singular values op. This leads to a decomposition valid for any compact operator H,

h(t,s) = Z orug(t)vg(s), (A.23)
k=1

the singular value decomposition, well-known in matrix theory. The Hilbert—Schmidt norm can be
expressed by the singular values:

S of = H. (A.24)
k=1

Note that the singular value decomposition of a normal operator is closely related to the corre-
sponding spectral decomposition, one has

or = | Akl vp(t) = e T aretiedy, (3),

where uy(t) are the eigensignals and )y are the eigenvalues of the normal operator. For a nonnegative
self-adjoint operator the left and right singular signals are identical and the singular value and spectral
decomposition are equivalent.

A specific example of a nonnormal HS operator is given by the cascade composition of the band—
limitation and time-limitation operator:

H=D;Bp (A.25)

the left singular signals of H are the prolate spheroidal wave functions and the right singular signals
are just the Fourier dual, i.e., their Fourier transform is given by the prolate spheroidal wave functions
[267].

Operator Square Root. To a given positive—semidefinite, self-adjoint operator R one can define a
square—-root operator formally by:

H=VR << R=H2 (A.26)
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However, H is not uniquely defined because it is easy to see that given one specific H with R = H?,
any other operator defined as H' = HU with unitary U also satisfies (A.26). One usually assumes
that VR is self-adjoint and positive-semidefinite, which leads to a well-defined operator.

Trace Class Operators. The trace of a linear integral operator is defined as

trH /(H) (t,t)dt. (A.27)

t
Operators with summable singular values, i.e.,
o0
Z o = trvVHH* = M < co. (A.28)
k=1
are called trace class. Trace class operators form a subset of Hilbert—Schmidt operators.

Inner Product of Self-Adjoint HS Operators. For two Hilbert—Schmidt operators H and G the
inner product is equal to the trace of the product of H and G*:

(H,G) =tr {HG"}. (A.29)
This gives the following representation for the HS norm:

|H|* = tr {HH*} = tr {H*H} (A.30)

A.0.4 Spectral Decomposition of Normal Non—HS Operator

Just as a formal completion we discuss the practically important case of normal operators whose kernel
is not square—integrable. In the context of this work there are two important examples:

e LTI operator. Linear time-invariant (LTT) operators are predominant in the engineering liter-
ature appearing either as LTI systems or as the correlation operator of a wide—sense stationary
process. The kernel of an LTT operator reduces to a one-dimensional function and its action is
a time—-domain convolution:

ht,s) = h(t—s), <«  (He) /h ot —7)d (A.31)

e LFI operator. The Fourier dual of an LTI operator is the linear frequency—invariant operator
that appears as a linear modulation, time—domain windowing operator or corresponding to the
correlation kernel of nonstationary white noise; the kernel is given by

h(t,s) =m(t)o(t —s), = (Hz) = m(t)z(t). (A.32)

The generalized eigenvalues of an LTI or LFI operator form a continuous spectrum, and the sum-
mation of the spectral decomposition of HS operators (A.11) formally carries over to an integration,

h(t,s) /A )y (t)ug, (s)dp, (A.33)

where A, is the continuous eigenvalue spectrum and u, () is continuously parametrized “orthogonal
basis” of eigensignals (these are not in Ly(R)). In the case of an LTI operator one can write,

h(t, ) /H e fte i = F7L O (H(f)} (A.34)
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A.0.5 Analysis—Modification—Synthesis Interpretation

The key advantage of the eigen/singular value decompositions (A.11) and (A.23) lies in the fact that
they allow to replace the rather nontransparent I-O-relation (4.3) by the more convenient analysis—
modification—synthesis scheme. That means in particular, the action of a compact operator on the
input signal () can be split up in three operations:

1. Analysis — expansion of the input signal z:(¢) into a weighted sum of the basis vy(t), the coeffi-
cients ¢ are given by

cr = (z,08) = / (£ (). (A.35)

t

2. Multiplicative Modification — i. e., weighting of the coefficients ¢(k) by the singular values o of
the operator, according to

Cr = CLOk. (A.36)

3. Synthesis — summation of the modified expansion yields the output signal
(Hz) () = Z Crug(t). (A.37)
k=1

If the operator is regarded as a filter, then the actual filtering is performed in the second step; the
analysis and the synthesis step are based on unitary (energy-preserving) transforms. With the advent
of powerful digital signal processing facilities this concept has been realized in various applications.
In this work modifications of this concept are considered in the sense that one admits (theoretically
suboptimal but numerically efficient) nonorthogonal Weyl-Heisenberg—structured bases in the analysis
and synthesis parts.

A.0.6 Unitary Equivalence

Two linear operator H and G are called unitarily equivalent whenever there exists a unitary operator
U such that:

G = UHU* & H = U*GU. (A.38)

Unitarily equivalent operators have an identical eigen/singular value distribution, while the eigen/-
singular signals are interrelated via the unitary transform U.
In the context of this thesis the following case of unitary equivalence is particularly important:

H = s(mHSM)*, (A.39)

where S(™¥) ig the time—frequency shift operator as defined in (A.21). The spectral decomposition of
H is characterized by identical singular values as the original operator H, while the singular signals
are time—frequency shifted versions of the singular signals of H:

(H) (t,5) = 3 opur(t)vi(s) = (H) (t,5) = Y- owiik ()55 (5) (A.40)
k=1 k=1

with

i (t) = (S(T,u)uk) (1) = ug(t — 7)ei2mt and Bet) = (S(T,u)vk) (£) = vg(t — 7)e21.
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APPENDIX B: Generalized Spreading Function

Time-delay and (narrowband) Doppler shift are the predominant energy preserving (unitary) effects
of a time-varying multipath wave propagation channel. This is the context where the name spreading
function (short for delay-Doppler spread function) was introduced. In quantum mechanics, time-shift
and frequency—shift operators play an important role in so far as they establish representations of the
Heisenberg group. Before we discuss the definition of the generalized spreading function, we point
out the basic mathematical problem that leads to the parametrization of the generalized spreading
function.
The time—shift (translation) operator, defined by

(Tea) () = 2t — 7)

may be seen as the fundamental, unitary building block of linear time—invariant operators in the sense
that
Hx = /E(T)TTx dr,
T

where h(7) is the impulse response (convolution kernel) of H.
Time-varying operators may also cause frequency shifts, defined by:

(M) (t) = x(t)e™>™",

where, in engineering contexts, M, is often called modulation operator.
Time shift operators and frequency shift operators, respectively, form a commutative group corre-
sponding to the additive group on the real line:

TnTr, = TrTr =Tryn, (B.1)
M, M,, = M,M, =M, 4,. (B.2)

However, the time—shift operator and the frequency—shift operator do not mutually commute:
T, M, = M, T, e 277",

i.e., they commute only up to an unimodular factor. This causes fundamental complications, (i)
time—frequency shift operators do not represent the additive group on R x R:

TTl +72 MV1 +v2 7é Tn M’/l TT2 Ml/za (B-?’)

and (ii) in the definition of a unitary, time—frequency shift operator one has to admit at least two
natural definitions:

s(1/2) € wMm,T,,
st(—1/2) ¥ T, M,.

However, by splitting up the time shift and the frequency shift one can define more general versions of
a time—frequency shift operator, these various versions differ only by an unimodular factor. We define
a general a—parametrized time—frequency shift operator by:

(8T a)a) (1) = w(t — 7)ed2mtertmrr(o=t/a), (B.4)
Alternatively, one may define the general shift operator by using the following split—up:

ST (a) = M,q/ra)TrMy1/2—a)
= Trap-a)MuTr(1/21q)-
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For arbitrary, fixed «, the time—frequency shift operators do not form a 2D group as indicated in
(B.3). However, the time-frequency shift operators are closely related to the 3D Weyl-Heisenberg
group which is defined by the following group law:

1
(rv ) @ (7', ) & (T+T',u+u',u+u'+ ST = >) .

The unitary Schrédinger representation of the Weyl-Heisenberg group is defined as [125]
def j2ﬂ'(,u+1/t—|—l‘ru)
(R(r,v,p)z) (t) = x(t+1)e 2™, (B.5)

And, in fact, one can view our a—parametrized time—frequency shift operator as a proper subset of
the Schrodinger representation where the parameter a appears in the third coordinate as follows:

S (a) = R(—,v, Tva).

This shows that the time—frequency shift operators carry much of the beautiful symmetry of the
Weyl-Heisenberg group. In representation theory one calls such a family of unitary operators with
“hidden group structure” projective representation [50] whenever one has a “quasi-homomorphism”
in the form

H(z)H(y) = c(z,y)H(z + ), (B.6)

where H(x) is a parametrized family of unitary operators and ¢(x,y) is an unimodular factor. In the
context of this work there are two cases where the hidden group structure of the time—frequency shift
operator comes out with striking consequences:

e For time—frequency periodic operators with TF = 1/n (see (B.31)) the time—frequency shift
operators form a commutative subgroup of the Weyl-Heisenberg group.

e Time-frequency shifting of operators in the sense of their symbols (see (C.15)) can be considered
as the action of a tensor product of time—frequency shift operators. It is easy to see that such a
tensor product is isomorphic to the additive group on R x R.

The case a = 0 corresponds to the Weyl correspondence and it is indeed historically correct to put
our (7,v)-domain formula before the (¢, f)-domain formulas (nowadays it is more natural to define
the Weyl correspondence in the (¢, f)-domain based on the Wigner distribution, see Appendix C).
Among the general versions of a time—frequency shift operator Weyl’s symmetrical time—frequency
shift operator is marked out by various symmetry properties:

e Taking the adjoint leads to an inverse shift with identical unimodular factor:
Sm*(0) = sC=m=v)(0).

This is not true for any other definition of the time—frequency shift operator. For o« = 1/2 one
has:
S(m)*(1/2) = STV (—1/2).

e One may obtain Weyl’s operator by an infinitesimal split up of the time and frequency shifts (in
the sense of a skew shift that follows the line between (0,0) and (7,v)):

0 () () -3
ST = Jim T T (N MI¥) =y = ME ) TN
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e Weyl’s original derivation was based on an intuitive argument based on exponential operators
[125, p.79], i.e., one can formally define

S(T,V)* (0) déf ej27T(TF*1/T) (B7)

where F is essentially a differential operator,

1 dx

(Fa) (1) = 50

and T is a specific multiplication operator,
(Tx) (t) = tx(t).
Weyl’s essential line of reasoning was to replace the elementary functions of the symplectic
Fourier transform (as a building block for 2D functions),
C(T, 7/) _ 6]’27T(Tf71/t)
by an operator as a building block for linear operators. Weyl suggested to do this in a canonical

way in so far as time ¢ can be interpreted as the spectrum of the operator T and frequency f
can be interpreted as the spectrum of the operator F, i.e.,

f = F
t — T
U

clr,v) — S(mvi0)

(Recall that the essential idea of a symbolic calculus is to replace the calculus of operators by
the calculus of their spectra.)

After this mathematical introduction we return to the basic definition of a spreading function. The
amount of potential time and frequency shifts caused by a linear operator H can be specified by the
asymmetrical spreading function (also known as delay—Doppler—spread function [334]

sy & [t —ne2mtar. (B.8)
t

The asymmetrical spreading function establishes an infinitesimal decomposition of H into o = 1/2—
type time—frequency shift operators:

H= / / S (7,)8) (1/2) drdv. (B.9)

The classical asymmetrical spreading function corresponds to the Kohn—Nirenberg calculus. How-
ever, as pointed out, there is no mathematical (nor physical) reason to prefer the a = 1/2 version of
the time—frequency shift operator. Hence, we define a generalized spreading function (GSF) as:

syt f) € /h <t + <% — a) Tt — G + a) r) e AL, (B.10)
t

which, for v = 0 gives the recently introduced symmetrical spreading function [205].
Following is a list of relevant properties and relations:
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1. Inner Product Definition. With the inner product defined as (A.8) we can write the GSF
formally as:

i (r,v) = (H,80) (). (B.11)

The spreading function of the time—frequency shift operator is formally given by a two—dimensional
delta distribution:

S,(S’O(éﬂ)'o,m)(a) (7-7 V) = 5(7— - 7—0)5(7/ - VO)- (B12>

2. Inversion. The inversion formula is given by:

h(t,s) = /S}?) (t — s, v)e?2™1(1/24e)t+(1/2=)s] gy, (B.13)

3. Interrelation with GWS. The GSF is in Fourier correspondence to the generalized Weyl
symbol:

/ / L (¢, e 2 =D at gf = FrwFi A Zu(t, )} (B.14)
tf

4. Bifrequency Domain Definition. The bifrequency function By (f, s) is defined as the kernel
of an integral operator corresponding to the action of H on the frequency domain representations
of the input and the output signal:

(FHz) / Bi(f,s)

By the nature of the Fourier dualism, the bifrequency—domain definition of the GSF is struc-
turally similar to the time—domain definition:

ng)(T,I/) = /BH (f—i— (% —a) v, f — (% +a> u) 21T gy,
I

5. Mutual Interrelation. The relation between the various members of the GSF is given by the
multiplication by an unimodular function:

S (7,v) = S (r,)esmv(onoa), (B.15)

(04)(

Hence, the magnitude of S}’ (7, v) is a—invariant

Sl = ISkl (B.16)
6. Bilinear Form. The bilinear form can be written as
(Hz,y) = (37, Al)). (B.17)
where Aé‘fﬁ(r, v) is the generalized cross—ambiguity function (see (F.19)).
7. Unitarity. The GSF preserves the inner product of two HS operators H,G:
(H,G) = (S, 58, (B.18)

as a consequence, we have for the HS norm:

e i =
y (t,v)| drdv = |H|", (B.19)
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Spectral Decomposition. The GSF of a HS operator can be written in terms of the generalized
cross—ambiguity functions of the singular signals

o0
S rv) =3 0p A, (1,0), (B.20)
k=1
In the origin, the GSF equals the operator’s trace:

$$(0,0) = trH, (B.21)

which is the Fourier—dual property of the GWS’s “trace formula” (C.14). Sometimes useful is
the following upper bound

‘SS)(T, 1/)‘ < Z o = trvH*H. (B.22)
k=1

. Adjoint Operator. The generalized spreading function of the adjoint operator is given by:

SEL?*)(T, v) = SS)*(—T, —y)eiﬂﬂya, (B.23)

the symmetrical spreading function is marked out by the fact that

S (r,0) = SO (=7, ). (B.24)
Note, that (B.23) implies:
S5 (r,0)| = |85 (=7, -v)]. (B.25)

Positive Operator. The GSF of a self-adjoint, positive operator takes on its maximum in the
origin:

(o) 2 | gla) 2

57(0,0)] > |54 (7| (B.26)

LTI Operator. A linear time-invariant (LTT) operator does not introduce any frequency-shift
of the input signal; this is reflected in the GSF which is ideally concentrated on the 7—axis:

S\ (7,v) = §()h(r). (B.27)

LFI Operator. Linear frequency—invariant operators are dual to the LTI operators and do not
introduce any time—shift, accordingly, the GSF does not show any spread into the direction of 7

S (r,v) = M(v)s(r). (B.28)

Time—Frequency Shifting. We define time—frequency shifting of operators by

H®) = gHHSEN*

where S(:/) is an arbitrary version of a time—frequency shift operator. The generalized spreading
function of such a time—frequency shifted operator is a modulated version of the original operator:

5te) (r,v) = SE[?)(T, u)e*ﬂ”(”t”f). (B.29)

H(f)
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14.

15.

16.

17.

18.

Time—Varying Tapped Delay Line Operator. The time-varying tapped delay line is a
popular, relatively simple model for time—varying multipath propagation channel, it is defined
by

N
= Z myg(t)o(t —s — kT).
k=1

Its spreading function is distribution valued, it is ideally concentrated on T—spaced lines parallel
to the r—axis :

T—kT M]c( ) —j271'1/kT(oz—1/2)7

Mz

k=1
with My (v) = (Fmy) (v).

Periodically Time—Varying Operator. The generalized spreading function of a periodically
time—varying operator with the kernel property h(t,t') = h(t +IT,t +IT), | € Z is separable
into delta—pulses in frequency direction at the multiples of the fundamental frequency 1/T and
into continuous functions of 7:

_ zn: p@) (1)3(v — %) (B.30)

with
T

/ t+(1/2 — a)r,t — (1/2 4 a)7)e 7277 ldt,
0
Time—Frequency Periodic Operator. We define time—frequency periodic operators by

HSTmF) — gUTmF) I,meZ (B.31)

The spreading function of such a time-frequency periodic operator is ideally concentrated on a
dual grid:

_ () l m
= ;;plzﬁ <T — F) ) (1/ — T) , (B.32)
where the coefficients can always be defined as samples of the spreading function of a specific

prototype operator P
@ _ 1 gl <L ﬂ)
Pmi = TF PT)

which is defined by (provided that this sum makes sense)
H= Z Z S(lT’mF)PS(lT’mF)*.

l m
In the context of the Gabor expansion and Weyl-Heisenberg frames, (B.32) is known as Janssen
representation of the frame operator.
Underspread Operators. Given an operator whose GSF support lies inside a centered rect-
angle:
Sk (7.v) = S5 (1.0) Xprm,m0)(7) X ] (V):
we call the operator underspread when 4my1y < 1 and overspread in the converse case.

Operator Composition. Of key interest in the study of underspread operators is the expression
for the spreading function of the composite operators:

Sgllzr(,r, 7/) — //Sgl)(,rl’ VI)SI(L(II)(T o le v — VI)6—j27r{7'u(a+1/2)+7u'(a—1/2)—27'u'a}d7_l d]/l,
(B.33)

this relation is known as twisted convolution [125].
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APPENDIX C: Generalized Weyl Correspondence

The generalized Weyl correspondence has been introduced in [204] as the formal unification of the
classical Weyl correspondence [369, 125] and the more recent Kohn—Nirenberg correspondence [203,
125].

The Weyl symbol of an operator H with kernel h(t, s) is defined as

Lu(t.f) & /h <t+ %,t - %) e 127 dr,

where the operator acts as (Hx)(t) = [ h(t,s)z(s)ds. The map H — Ly (t, f) is called Weyl corre-

spondence [10, 11, 12].
The Kohn—Nirenberg symbol [203, 125] or, equivalently, Zadeh’s time—varying transfer function
[386] is defined as

Zh(t, f) def /h(t,t —1)e 2T dr,

Both the Weyl symbol Ly (t, f) and the Kohn—Nirenberg symbol Zy(t, f) establish a unitary repre-
sentation of Hilbert-Schmidt (HS) operators?, they share a number of common properties and provide
a largely parallel concept for Weyl-Heisenberg operator representation. The generalized Weyl symbol
(GWS) is an a—parametrized family of unitary operator representations defined as

LS?)(t,f) def /h (t+ <% - oz) T, t— <% + oz) 7') eI dr, (C.1)

it gives the Weyl symbol in particular for « = 0 and the Kohn—Nirenberg symbol for a = 1/2. The
parameter a comes up more naturally in the spreading domain along with the nonuniqueness of the
time—frequency shift operator (see Appendix B).

The basic mathematical interpretation of the generalized Weyl symbol may be phrased as time-
frequency parametrized “eigenvalue distribution”. When H is a linear time—varying system then, in
engineering terms, we may interpret the symbol as time—varying transfer function. When H is equal
to a (positive semidefinite) correlation operator R, then the symbol is equivalent to the generalized
Wigner-Ville spectrum [121],

Lt 1) = EW (1, ),

which is a classical definition of a time—varying power spectrum.
Following is a list of important properties and relations:

1. Inversion. The inversion formula is given by:
o 1 1 ; _
h(t,s) = /LSLI) ((5 + 04) t+ <§ — a) s,f) e?2m I (t=9) gf (C.2)
f

2. Interrelation with Spreading Function. The GWS is the (symplectic) Fourier transform of
the generalized spreading function (for the definition of the spreading function see Appendix B)

L, f) = / / S (r ) D dy = F L Fesp (S5 ()}

2See Appendix A for the basic definitions of linear operator theory.
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3. Bifrequency Domain Definition. In terms of the bifrequency function By (f,s) (see (4.4)),
the GWS is given by

L, f) = /BH (f + (% — a) v, f— (% +a> u) 72 dy,

4. Unitarity. The GWS preserves the inner product of the kernels ¢(t,s) and h(t,s) of two HS
operators G and H,

(g.h) = (L&, Ly} = (G, H). (C.3)

As a consequence, the Lo—norm of the GWS is just the HS norm (see (A.5)) of the corresponding
operator:

| [l nfaa = | en| = mie (C4)
Ly

5. LTI Operator. For a linear time-invariant operator with convolution type kernel h(t,s) =

h(t — s) the GWS gives the usual transfer function (Fourier transform of the operator’s impulse
response):

LG (4 f) = H(f) = Fi_ syt — 5). (C:5)

6. LFI Operator. In the dual case of a linear, frequency—invariant operator (i.e., multiplication
operator) with distribution type kernel h(t, s) = 6(t —s)m(t) the GWS is frequency independent:

L (¢, f) = m(t). (C.6)

7. Periodically Time—Varying Operator. A periodically time—varying linear operator com-
mutes with time—shifts that are multiples of a time—period T

HS(T0) =T, [e7.
This is equivalent with the following requirement for the kernel of H:
h(t,s) =h(t+I1T,s+IT).
The GWS of such an operator is periodic w.r.t. time:

L) (¢ f) = L (t + 1T, ). (c.7)

8. Time—Frequency Periodic Operator. We define time—frequency periodic operators by

HS(lT’mF) — S(lT’mF)H

9

where T is the time period, F' is the frequency period and [,m € Z. The GWS of such a
time—frequency—periodic operator is doubly periodic

L, f) = L (¢ + 1T, f + mF). (C.8)

Moreover, given two time—frequency periodic operators H,G and either one of the following
assumptions:

e TF =1 neN, and |a| =1/2
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e TF =2+ neN anda=0

om

then, one has validity of the perfect symbol calculus:
L, HL @, ) = ik
H(af)G(af) HG(af)‘

Such time—frequency periodic operator arise as (linear combinations of) Weyl-Heisenberg frame
operators defined as (y(t) is the prototype):

M, 3OS STmRIp SUT P ith (P (ts) = ()7 (s).
mo ]
For the TF =1 (critical sampling) the Kohn—Nirenberg symbol is essentially equivalent to the
magnitude—squared Zak transform of the prototype ~:
1/2
L2 (8 ) =T |2, ),
where the Zak transform [388, 175, 179, 393, 158] is defined as

Zo(t, )= At +1T)e T
l

The Zak transform is also known as Weil-Brezin transform [125].

Generalized Wigner Distribution. The GWS of a rank—one projection operator P, is just
the generalized Wigner distribution of the eigensignal

L) = W), with  (Py) (ts) = 2(t)2"(s). (C.9)

Spectral Decomposition. The GWS of a HS operator can be expanded into a singular—value
weighted sum of cross Wigner distributions

L) =S W), (t f), (C.10)
k=1

where the weights o > 0 are the singular values, and the orthonormal bases {u(¢)} and {vg(t)}
are the left and right singular signals of the operator.

Adjoint Operator. The GWS of the adjoint operator can be obtained as
Ligh(t, £) = Ly " ¢, 1), (C.11)
for the Weyl symbol in particular we thus have

LYt f) = LY (¢ 1), (C.12)

which shows that, for self-adjoint operators, Lg) (¢, f) is real-valued.

Marginals. The time and frequency marginals are a—invariant,

[ B it =Buts. ), [ 15 par =i, (C.13)
t !

where By (f, f') is the bifrequency function. Given a HS operator, the total integral of the GWS
equals the operator’s trace, the so—called “trace formula”:

//L;;”(t,f)dtdf =" o (g v) = trHL (C.14)
t ¥ k=1
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13.

14.

15.

16.

Finite Support Symbol. Let D be a time-limitation operator defined by

L%l)(ta f) = X[—to,to] (t)

and B its dual, a band-limitation operator with symbol

L, 1) = X[ fo.fo] (f)

then, given an arbitrary HS operator H one has the following finite support properties

L(Da]){D(tvf> = X[*to,to}(t)L(Da]){D(tvf>
Lyt ) = X gl (LSt f)

It should be emphasized that, for this to hold, our usual requirement || < 1/2 is necessary (it
is not necessary for most other properties of the GWS).

Convolution—Product/Product—Convolution Operators. Given an LTI operator M and
an LFI operator H defined by

) = m),

) = H(f),

the combinations are known as convolution—product operator MH and product—convolution
operator HM [261]. The GWS of these specific class of operators does not generally lead to a
separable symbol. However, for specific choices of a one has:

L2 f) = m@H),
L2 = mH),

which, in case of band-limitation and time-limitation operators can be specialized to (also see
the previous discussion on support properties):

L9 1) = Xioao X foso] ()
Lgé/2) (tv f) = X[ftoﬂfo}(t>X[*f0,f0](f>'

Time—Frequency Shift—Covariance. A translation of the GWS corresponds to a respective
time—frequency shift of the singular signals, while the singular values remain constant:

) ) =Lt =7, f —v) — HO = SCHS), (C.15)

where S(™¥) is an arbitrary combination of a time-shift with lag 7 and frequency shift with lag
v.

Continuous Weyl-Heisenberg Expansions. The GWS leads to a formal expansion of a HS
operator into a continuous superposition of time—frequency shifted versions of an infinitesimal
prototype operator:

H:t/f/Lg)(t,f)P(t’f)(a)dtdf (C.16)
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generally valid for the a—dependent non-HS prototype operator defined by
Lt £) = 6(1)s(f). (C.17)
For the most prominent choices of «, the infinitesimal prototypes act as follows

e For a = 1/2, P(to.fo) ig ideally frequency selective and the output is ideally temporally

localized: .
(P(tmfo)x) (t) = o(t — tO)X(f())B]ZWfOtO-

e For a = —1/2, one has ideal frequency concentration on the range and ideal temporal
concentration on the domain:

(P(to,fo)x) (t) = e32m ot o (1g) =32 Soto,

e For the specific case a = 0 the prototype operator acts in a highly symmetric way as a
“time—frequency point mirror”:

(Pltofolz) (1) = 20(2tg — )e2m2folt—to),
(FROOM2) (1) = 2X(2fy — fleP olfo=0),
Whenever the operator at hand satisfies a sharp spreading constraint of the form
S (7,v) = S (7, v) xu (7, v), (C.18)
where x g (7,v) is an indicator function, then the prototype operator is HS and given by:
S](;z) (r,v) =xu(r,v).

17. Discrete Weyl-Heisenberg Expansions. When we specialize (C.18) to a rectangular shape
defined by

XH (7-7 V) = X[—TO,TO](T) X[—vo,v0] (U)’

then the sampling theorem leads to a discrete Weyl-Heisenberg expansion of the form:

H = ZZL (T, mF) PUTmF) (q), (C.19)

where the symbol of the prototype operator P(«a) is given by a 2D sinc—type kernel:

sin(2wvt) sin(27ro f)

o, ) =

)

47['2T01/0tf

and we have a “discrete trace formula”:

ZZL (IT, mF) %trH.

18. Input—Output Relations. For || = 1/2, the GWS can be essentially interpreted as kernel
of an integral operators which maps from the time/frequency domain of the input signal to fre-
quency/time domain of the output signal (x(t),y(¢) are the input/output signal and X (f), Y (f)
their Fourier transforms) :

wt) = [ LD X,
f

v = [La et
t
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APPENDIX D: Time—Varying Spectral Estimation

In this appendix we derive closed form expressions for the bias and variance regarding the estimation
of the expectation of a general real-valued, quadratic time—frequency shift—invariant signal represen-
tation. We assume a noisy observation of a circular complex, nonstationary Gaussian process with
statistically independent circular complex, stationary white Gaussian noise. We specialize the results
to the estimation of the Wigner—Ville spectrum of a process with known support of its expected am-
biguity function. It is shown that in this setup the minimum variance unbiased (MVUB) estimator is
given by a quadratic form with prototype operator whose spreading function equals the given indicator
function of the support of the process’ expected ambiguity function.

Estimation Target. We consider the estimation of a real-valued, time—frequency shift invariant,
time—varying spectrum, which can be written as the expectation of a quadratic form:

Py(t, f) = E{<P(t’f)x,x>},

where P(:/) is a time—frequency shifted version of the self-adjoint prototype operator P. Recall that
we define time—frequency shifting of operators by

Pt = gtNHpgth)*,

where S(™) is an arbitrary version of the a-parametrized family of unitary time-frequency shift
operators (see (B.4)).

Observation. We assume that x(¢) is a circular complex, zero—mean, nonstationary Gaussian process
with trace—class correlation kernel:

(Rz) (t,s) = E{x(t)x"(s)}, with trR, < oo.
We furthermore consider a noisy observation of x(t),
y(t) = x(t) + n(t) with E{n(t)n*(s)} = 026(t — s),
where n(t) is statistically independent, circular complex Gaussian white noise.

Estimator. Similar to the estimation target, the estimator is a quadratic form now in terms of the
observation and based on a different prototype operator:

Py(t, ) = (P"y,y),

In the bias/variance computation it is important to have a brief formal notation in order to avoid
lengthy expressions. We thus perform the computation in terms of the correlation operators of the
processes and the prototype operators of the estimator and the estimation target. By way of prepa-
ration we first note the following identity:

P,(t,f) =E {<P(t’f)x,x>} — tr {RIP(t’f)} - <R$,P(t’f)>, (D.1)

where tr denotes the trace operator (see (A.8) ) and the inner product is a Hilbert—Schmidt compatible
operator inner product (see (A.8)). We mention the inner product equivalence (D.1) since by using
unitary operator representations such as the spreading function of P or spreading function of R,
(which is equivalent to the expected ambiguity function of xz(t)), we shall replace the discrete trace
operation by integral representations. Furthermore note the trace invariance

trP*f) = trP;
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we shall henceforth suppress the (¢, f) superscript wherever possible due to this trace invariance.

Trace Normalization. As a simple side-constraint we require that the original time—frequency
representation (estimation target) “distributes” the Karhunen-TLoeve eigenvalues of the process over
the time—frequency plane:

/ / Pu(t, f)dt df = trR,, (D.2)
7

which corresponds to the deterministic requirement of an energy distribution:

P&y, = ||z||?. D.3
[ [P0z dear = |z (D3)
tf

These equivalent requirements (D.2) and (D.3) can be reduced to a trace normalization of the prototype
operator since

//tr dtdf—tr //Ptf dtdf | Ry % = trP trR,, (D.4)
t f

which follows immediately from the fact that

//P(t’f)dt df = tr {P}1, (D.5)
t f

which is easy to check via the trace formula of the Weyl correspondence (C.14). We henceforth restrict
our attention to prototype operators that are Hilbert—Schmidt (HS) and satisfy:

trP = trP = 1.

At this point it should be already mentioned that the prototype operator of a time—frequency dis-
tribution may not be HS as e.g. in case of the Wigner distribution. We shall however prove in this
appendix that finite variance estimators always have prototype operators that are HS. Moreover, we
also show that the Wigner—Ville spectrum of a process with both limited nonstationarity and finite
temporal correlation can always be written as a quadratic form of a Hilbert—Schmidt operator.

In the derivation of the unbiased estimators we shall represent the prototype operators via their
spreading functions (for definition and properties see Appendix B). The HS requirement carries over
to

// \Sp (7, )2 dr dv < M < oo,

T V

and the trace normalization is reflected in
Sp(0,0) =1
Expectation of the Estimate. With the statistical independence of signal and noise we have
R, = R, + 0’1 (D.6)

(The correlation operator of stationary white noise is a scalar multiple of the identity, which is denoted
by I.) Based on (D.6) and (D.1) we immediately obtain the expectation of our estimate:

E{P)t )} =tr PR, + 02D} =E{Pu(t, f)} + 2P, (D.7)
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Bias. According to (D.7), the bias of the estimator is given by
B(t.f) € E{P,(t,/)} - Pu(t, f) = tr {POIR, } + 02t:P, (D.8)

where we have introduced the bias operator P as follows:

Using the Schwarz inequality for operator inner products and triangle inequality we immediately get
a tight bound for the maximum bias:

1|l < [IPIIR.| + o2 ‘trP‘.

However, in the choice of an estimator the maximum bias alone is no sufficient criterion, since an
estimator that achieves small ||B||,, may still lead to a comparatively large average bias. We thus
define an integrated squared bias as the total integral of the time-frequency dependent part of the

squared bias:
B // Bth otrZP}dtdf

In the computation of B? we can use (D.4) but we have to evaluate another nontrivial time—frequency
integral, namely over trQ{P(t’f )Rx}. In order to obtain a useful expression we introduce the spreading
functions of both P and R, (where the latter is just the expected ambiguity function of the process,

EA,(r,v)):
//tr }dtdf // Spw b >
Ly
T[] s
i

dt df

TL V1 T2 V2

-S;‘;(Tg, vo)E A} (1o, Vg)e_j%[(ul_”)t_(n_72)]0] dt df dm dvy do dvsy

= / ‘S];(T, v) ’
<

With (D.4) and (D.9) we finally obtain the following result for the integrated bias:

Due to (D.8) unbiased estimation requires at first exact knowledge of the noise level o2. Presupposing
this a prior: knowledge we can distinguish two basic classes of unbiased estimators:

(T, I/)|2d7' dv

2 2
ol IEAR). (D.9)

2 ~ ~
S |EAI|2> + 202 trPtrP trR,,.

1. Estimators based on an “unbiased” prototype operator, such that P = 0. This is a trivial
solution that will be usually inadmissible as it leads to infinite variance (in case e.g. of the
Wigner distribution).

2. Estimators with “biased” prototype operator where the bias operator satisfies

S~

5(T,v)EAL(T,v) = 0. (D.10)
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Variance. The computation of the variance of the estimator, which is defined as

V2t f) = E{PXt N} - (B{P,t N)})

2
, (D.11)

is less straightforward.
In the determination of E {PyZ(t, f )} one has to evaluate the following sum of the expectation of

various combinations of quadratic forms in terms of the self-adjoint operator pt.f)

— . 2 . 2 . .
E {PyQ(t, f)} =E {<P(t’f)x,x> + <P(t’f)n,n> +2 <P(t’f)x,x> <P(t‘f)n,n>
. 2 . 2 . .
+<P(t’f)x, n> + <P(t’f)n,x> +2 <P(t’f)x, n> <P(t’f)n,x>} . (D.12)
The first term requires to compute the following expectation:
~ 2

E{‘<P(t7f)x7x>‘ } - E{////h(tl,tg)x(tg)x*(tl)h(tg,,t4)x(t4)x*(t3)dt1 dts dts dt4},
t1 t2 t3 tg (D.13)

where h(t;,ts) is the kernel of P(:f) (for notational simplicity we have intermediately suppressed the
superscript). The here appearing fourth—order moment of a Gaussian process can be written in terms
of the correlation functions by using Isserlis’ formula for the special case of circular complex processes:

E{z(ta)x"(t1)x(ts)2" (ta)} = (Ra) (t2,t1) (Ra) (t3,t4) + (Ra) (2, ta) (Ra) (23, 11).

The expectation of (D.13) is thus split into a sum of two terms:

E{‘<f’(t’f)x,x>‘2} = {//h(thtz) (Rz) (t2,t1)dty dt2} {//h(t&m) (Rz) (t4,t3)dt3 dt4}

t1 ta t3 t4

+////h(tl,tg)(RI)(tQ,t3)h(t3,t4)(Rgp) (tq,t1)dty dto dts dty

ty to ty fa
= 2 {POIR,} +tr { (ﬁ(t’f)Rx>2} . (D.14)

Using this result we can immediately evaluate the second term of (D.12) (recall R,, = o21):
E {Kf’(t’f)n, n>‘2} =gt (trzf’ + trf’z) , (D.15)

it is time—frequency invariant.
The third term can be written as

E {<f’(t’f)x, x> <f’(t’f)n, n>} = o2trP tr {f’(t’f)Rw} . (D.16)
For the fourth term,

E{‘<f’(t’f)x,n>‘2} - E{////h(tl,tg)x(tg)n*(tl)h(tg,t4)x(t3)n*(t3)dt1 dts dts dt4},

t1 ta t3 ta

and the fifth term,

E{‘<f’(t;f)n,x>‘2} ) {////h(tl,tQ)n(tQ)x*(tl)h(tg,t4)n(t4)x*(t3)dt1 dts dts dt4} ,

t1 ta t3 ta
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we note that for circular complex variables:

E{z(t))x(t2)} =0

thus,

E{[(Ba,n)} = E{|(BUn. ) [} ~0. (D.17)

The last term of (D.12) can be evaluated as follows:
B {(Bz,n) (BEHn,2))
- F {////h(tl’tQ)x(b)n*(tl)h(t&t4)n(t4)x*(t3)dt1 dts dts dt4}

t1 to t3 ta

_ ///h t11t0) (Ra) (o t3) B3, £1 )iy dts dis

t1 to t3
= a,%tr{(f’(taf))sz}_ (D.18)

Inserting (D.14), (D.15), (D.16), (D.17), (D.18) in (D.12) we finally obtain the following expression
for the variance of the estimator

V2(t, f) = tr { (f)(’*f)Rr)Z} +202tr { (ﬁ(t’f))ZRI} +oltrP2. (D.19)

The Schwarz inequality for the operator inner product leads to the following tight bound on the
maximum variance:

V2] <121 (IRa1+02)

Just as discussed for the bias, we now obtain an integrated version of the variance. To this end, we
have to evaluate the total time—frequency integral over the two time-frequency—dependent terms of
(D.19). In order to compute the first integral we again use the spreading function of both P®S) and
R.. Based on the formula for the spreading function of the composite operators (B.33) we have

Sﬁ(t’f)Rz (r,v) = //513(7'1, ul)e_jQW(”lt_Tlf)EAI(T — T,V — ul)ej”(””_””)dﬁ dvy;

T1 V1

which we now use for the first variance term integral,

~ 2
t/f/tr{(P(tf)Rx> }dtdf
_ ////‘sﬁ(t,f)Rz(T,u)fdtddedu

t f T v

S’ (11,1)BAL (T — 11,v — 11)S5(12,10) EAL (T — T2, v — 1n) - (D.20)
[11111]] :

T V T1 V1 T2 V)

.e_JQW[(Vl Vz)t (7'1 Tz)f—l—l/Q(’rlU V1 T—ToV+UoT ]dt df dT dl/ dT1 dl/l dTQ dUQ

2
= ////‘Sﬁ(Tl,I/l)‘ |EAI(T—T1,I/—I/1)|2d7’d1/d7'1d1/1

T V T1 V1

= trP%trR2. (D.21)
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For the second integral it suffices to note that
(p(t,f))2 = stNpgtNgtNpgtn)x — glt./)p2gtf)+ — (];)2)(75’10)7

whence we have with (D.5):

/ / tr{(f’(t»f))ZRr}dtdf=trf>2trRI. (D.22)
t 7

For the integrated variance we thus obtain a compact result:

y2 et / / [V2(t, 1) — ot} dtdf = |PIP (1R2 + 2020R,)
t f

Observe that the mazimum variance, the time—frequency invariant variance term and the integrated
variance are proportional to the HS—norm of the prototype operator of the estimator, P. (Note that
the trace of a squared self-adjoint HS—operator equals its HS-—norm, i.e., trP? = ||P||2) Thus we can
a priort exclude a P that is not Hilbert-Schmidt as it leads to infinite variance. However, as stated
above, the prototype operator of the prominent Wigner—Ville spectrum is not Hilbert—Schmidt. Thus,
at this point we can already exclude finite—variance unbiased estimation of the Wigner—Ville spectrum
of a general nonstationary process. This is basically a well-known fact for the noiseless observation
[121] and similar to the estimation problem of Priestley’s evolutionary spectrum [296].

MVUB Estimator for the WVS. The intuitive idea of smoothing frequency parametrized estimates
in order to reduce the variance is a classical principle of time—invariant spectrum estimation. Of
course, time—invariant spectrum estimation relies on the fundamental implicit a priori knowledge (or
a priori assumption) of stationarity which conceptually allows “total smoothing” in time direction.
It is thus not astonishing that we have to require a smoothness condition on the target of our time-
varying spectral estimator in order to obtain unbiased estimators with finite—variance. The prototype
operator of the Wigner—Ville spectrum (WVS) can be characterized by

Sp(r,v) =1, (D.23)

as has been already discussed it is not Hilbert—Schmidt and the estimation problem only starts to
make sense when we have some additional a priori knowledge on the process at hand.
For the existence of an unbiased, finite—variance estimator of the WVS we have two requirements:

1. For an unbiased estimate we need to know the noise level o2.

2. For a finite-variance unbiased estimate we need to know a spreading constraint with finite
support area of the process’ expected ambiguity function, or with other words, a smoothness
condition on the time—varying spectrum to be estimated.

We henceforth tacitly assume knowledge of the noise level such that the bias term due to noise,
i.e. o2trH, can be simply corrected. According to (D.10) the requirement for the bias operator of any
unbiased estimator is:

Ss(r,v)EA,(T,v) = 0. (D.24)

Since, Sz(r,v) = Sz(r,v) — Sp(r,v) = Sz(7,v) — 1, we have the following requirement for the
prototype operator:

- )_{ 1, where FEA,(r,v)#0, (D.25)

arbitrary, where FEA,(r,v)=0.
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Now, we understand minimum variance in the sense of the global variance measure as defined by
the integrated variance V2. We thus have to select the unbiased estimator whose prototype operator
achieves minimum Hilbert—Schmidt norm. This optimization turns out to be trivial since the Hilbert—
Schmidt norm is equal to the total integral of the magnitude squared spreading function:

1P| =//|s}3(7,u)|2d7du. (D.26)

The minimum-variance unbiased (MVUB) quadratic estimator is thus obtained by setting the spread-
ing function of the prototype operator zero wherever possible:

1, where FEA,(r,v)#0,

S~ = D.27
Parvis(TY) {0, where FEA,(r,v) =0. (B-21)

This result is in obvious accordance with intuition, we may loosely characterize the MVUB estimator
by “smooth as much as possible without introducing bias”.

Minimum Norm Weyl-Heisenberg Expansion. In the context of this thesis we have a nice
abstract interpretation of the MVUB estimator in terms of Weyl-Heisenberg operator decomposition
as follows.

The correlation operator of a nonstationary process with support-restricted EA,(7,v) admits
a decomposition in terms of a weighted integral of time—frequency shifted versions of a prototype
operator where the weight function is the WVS:

R, = / / EW,(t, f)PEDdt df with Sp(r,v)EA,(T,v) = EAy(T,v),
L (D.28)

this decomposition is highly ambiguous w.r.t. the choice of the prototype operator. Now, there exist a
manimum norm Weyl-Heisenberg decomposition that is marked out by the minimum Hilbert—Schmidt
norm of its prototype operator:

P =arg mPin||P||2 subject to R, = //EWI(t,f)P(t’f)dt df,
tf

which leads just to the prototype operator of the MVUB estimator.

Extension to Real-Part of Generalized WVS. The MVUB estimator for the WVS can be easily
extended to the expected real-part of the generalized WVS. Since one has

Re { EW)(t, )} = Frosp F L {EAL(7,0) cos(2nvTa)}, (D.29)
the prototype operator of the MVUB estimator for Re{Enga) (t, )} is a slightly modified version of
the MVUB estimator for the WVS:

. dof | 1, where FEA,(r,v)#0,
,V) = Xz(T, V) cos(2mvTa ith (T V) =
(1,¥) = Xa(7, v} cos(2mvra) v Xo(T, ) { 0, where FA,(r,v)=0.

Puvur

It should be emphasized that for a small spread of FA,(7,v) the cosine factor will be negligible.
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APPENDIX E: LTV System Identification

In this appendix we derive bias and variance expressions regarding the estimation of a Weyl-Heisenberg
LTV system representation under the assumption of the observation of (i) a circular complex, station-
ary white Gaussian input process and (ii) an output process contaminated by statistically independent,
circular complex, stationary white Gaussian noise. We furthermore discuss the resulting theoretical
MVUB estimator for the generalized Weyl symbol (includes the usual time-varying transfer function
of Zadeh and the Weyl symbol) of a system with known support of the spreading function. The
MVUB estimator is a quadratic form in the observation with a prototype operator whose generalized
spreading function is given by the known support of the system’s spreading function.

While the main results are analog to the case of auto—spectral analysis as discussed in Appendix
D, the details are different.

Estimation Target. The estimation target is an arbitrary Weyl-Heisenberg system representation
Ty (t, f) characterized by a prototype operator P in the form:

Tu(t, f) = <H,P(t’f)>.

The generalized Weyl symbol L%)(t, f) is a subclass of such system representations.

Based on a zero—mean, circular complex, Gaussian, stationary white input process with variance
E{z(t)a*(s)} = o30(t — ),

the output signal

y(t) = (Hz) (1)
is a zero—mean, circular complex nonstationary process and the estimation problem is equivalent to
the time—varying cross spectral estimation of a time—frequency shift—invariant signal representation:

Ry, =0 H = Tu(t, f) = E{Pu(t,f)} = <Rya:a P(t,f)> :

where Ry, is the cross—correlation operator of the processes y(t),z(t) and Py,(t, f) is a quadratic
time—frequency shift invariant cross signal representation with prototype operator P.

Observation. We assume a noiseless observation of the input process x(t) and a noisy observation
of the output process:

y(t) = (Hz) (1) + n(t),

where n(t) is circular complex, zero-mean, stationary white Gaussian noise with correlation function:

E{n(t)n*(s)} = 026(t — s).

Estimator. The estimator is based on a generally different prototype operator P:

Tult, f) = — (3 BO0s).

xT
Bias. The expectation of the estimate can be compactly written as
-~ 1 ~ 1 ~ .
- () - (t.f) - (t.f)
E{TH(t,f)} U%E{<Hx +n,P x>} U%E{<Hx,P x>} <H,P >
The bias is accordingly given by:

B(t,f) € B{Tu(t,)} - Tu(t, f) = (H,PO)), (B.1)
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where we have introduced a “biased” prototype operator defined as:
PYpP_p
The maximum bias is proportional to the HS norm of the bias operator:

1Blles < IP[IIIH],

note that this is in general no tight bound. Whenever one considers a priori knowledge on the support
of the spreading function of the system H then it is possible to define unbiased estimators with

P #o0.
We furthermore compute the integrated squared bias in terms of the spreading functions of the
involved operators:

5i [ [iBenP
iy
//‘<H,f’(t*f)>‘dtdf

/ (St S )| dt df
7

[[]]]fswinsassinn

f Tivi 212

w\

-85 (T, 1) S (T, 1) e 2T =v2 )t =(="2)fl gt af dr) dvy dry dus

P

2
//|SH(T,I/)|2‘S]';(T,V)‘ dr dv
5 2
_ <|SH| s3] >

Just as in the auto—case of spectral estimation we have two essentially different ways for unbiased
estimation:

e Unbiased estimators with P = P. With regard to the estimation of the generalized Weyl symbol,
this trivial version of unbiased estimation does not lead to finite variance estimators as will be
discussed subsequently.

e Unbiased estimators with P # P but nonoverlapping spreading functions of the bias operator
and the system

2
[Su(r,0)*|S5(r,v)| = 0.

This is the practically interesting case for the estimation of a system’s generalized Weyl symbol
with known support of the spreading function.

Variance. The variance of the estimator is defined as
def
vies) 2 e{|uen| ] - [E{Tuen)[

Due to our assumption of a zero-mean and statistically independent noise there remain two terms in
the expectation of the magnitude squared estimate:

D {‘TH(t,f)f} _ % <E {‘<H$,P(t’f)x>‘2} +E {‘<n,P(t’f)x>‘2}> . (E.2)

xT
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For the first term we need to evaluate the following expectation:

E{‘<Hx,P(t’f)x>‘2} = E{///h(tl,tz)x(h)p*(tl,t3)$*(t3)dt1dtzdtg

t1 ta t3

.///h*(t4,t5>3§‘*(t5>p(t4,t6)$(t6>dt4 dt5 dtﬁ}.

ta ts tg

Based on Isserli’s fourth order moment formula for complex Gaussian variables we have
E {x(t2>l‘* (t3>l‘* (t5)$(t6>} = O';%. (5(t2 - t3)5(t5 - t6) + 5(t2 — t5>(5(t3 - t6)>

and thus

(t.f) 2 4 * *
E ‘<H(L‘,P ’ $>‘ = 0, h(tl,tg)p (thtg)h (t4,t5)p(t4,t5>dt1 dt2dt4dt5

t1 to ta ts

+O’i////h(thtQ)p*(tl,t3>h*(t4,t2>p(t4,tg)dtldtgdtgdt4

t1 to t3 tg
= KH’ P(tjf)>‘2 + <HH*, P(tjf)P(t;f)*> (E.3)
— ‘<H P(t’f)>‘2 T <HH (PP*)(t’f)> , (E.4)

where in the last step we have used the fact that

P(taf)P(tvf)* — S(tvf)PS(taf)*S(tvf)P*S(tvf)* — S(tvf)PP*S(tvf)* — (PP*)(taf)

The computation of the second term of (E.2) is straightforward:

2|0

/// /n(tl)p* (tl, tg)x*(tg)n* (t3>p(t3, t4)$(t4>dt1 dtz dt3 dt4

t1 to t3 tg

= 01210925//p*(tht:s)p(tl,t?,)dtl dts (E.5)
t1 t3

= 2B 5.6)

Such that finally we get a compact result for the variance of the estimator based on (E.4) and (E.6):
* (DD* (t.f) 0721, D
V23(t, f) = <HH ,(PP ) >+ §||P||2. (E.7)
The maximum variance is proportional to the HS norm of the prototype operator:

_ o2
V2]l < 1P| (IIHII2 +—5

x

We also compute an integrated variance by integrating over the time—-frequency—dependent part of the
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variance:

_ <HH*,//(f>f>*)(t’f) dtdf>

tf

= |P|?(HH"T)
= PIPIH|?

where we have used the generally valid Weyl-Heisenberg resolution of the identity in the form of:

//(PP*)(t’f)dtdf _ r {PP*}T = |P|’L
t f

It is seen that just as in the auto—case of spectral estimation all reasonable variance measures, the
constant variance term, the integrated variance and the maximum variance, are proportional to the
Hilbert—Schmidt norm of the estimator’s prototype operator. Thus, given a class of unbiased esti-
mators one has to select the estimator with minimum HS norm of its prototype operator in order to
minimize the variance both in a local and global sense.

MVUB Estimator for LS;) (t, f). It is well-known that identification of a general, i.e., unconstrained
LTV system is no reasonably defined statistical task [191]. In this context, we view LTV system
identification as the estimation of a unitary Weyl-Heisenberg representation of the system as is given
by the generalized Weyl symbol. The prototype operator can be defined by

Sgpa) (r,v) =1,

since

2
1P = [ [ ]88 | drav

it is seen that P is never Hilbert—Schmidt irrespective of the choice of o. Hence, as expected, we
can exclude finite—variance estimation of the GWS of a general LTV system. However, based upon a
priori knowledge about a spreading constraint of the system H one can obtain an optimum unbiased
estimator in the sense of minimum global and local variance. Analog to the case of auto—-spectrum
estimation the prototype operator of the optimum estimator is given by:

1, where Spy(7,v)#0,

E.8
0, where Spy(r,v) =0, (E8)

sle) (a)(T, v) = {

Pyvus

and it can be interpreted as a minimum norm Weyl-Heisenberg expansion of the system H

Puvup(a) =agmin [PI’,  subjectto  H= / / L, HPED (a)dt df.
tf
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APPENDIX F: Time—Frequency Signal Representations

F.0.1 Short—Time Fourier Transform/Spectrogram

In the analysis of many natural signals such as speech or audio, one is interested in obtaining a
temporally localized information about the spectral content of the signal. To this end, it is near at hand
to apply a sliding window prior to the Fourier transform. This yields the short-time Fourier transform,
a classical tool for time—varying signal processing [135, 7, 283, 251, 27, 250, 264, 14, 145, 249, 207, 115]:

STFTO)(¢, f) %! / 2(E)y* (¢ = t)e=327I gy, (F.1)
tl

where ~(t) is the underlying analysis window. The STFT STFT("(t, f) can be interpreted in various
different ways:

e As the Fourier transform of the 7—dependent windowed signals x(t)y(t — 7).

e As the output of a filter bank with impulse responses h) (1) = ~(7)e/?"™f ie., modulated
versions of the analysis window ().

e As the coefficients of an expansion of the signal z(t) time-frequency shifted versions of the
analysis window ~(t),

x(t) = //<x,S(T’”)7> (S(T’”)q/) (t)drdv = //STFTXY)(T, v) (S(T’”)q/) (t)drdv,

T

(F.2)

where S(7¥) is the time-frequency shift operator (cf. (A.21)). This shows that the signal can be
recovered from its STFT. Here and in all of the following results concerning the STFT, ||y||> = 1
is presupposed.

The STFT preserves inner signal products in the following sense:
() MY = 2 _
(STFT{, STFTY) = (z,y), WP =1. (F.3)

Spectrogram. The STFT as a complex—valued signal representation is inappropriate for subjective
signal analysis. The squared magnitude of the STFT, the spectrogram [202, 2, 8, 293]

2
SPECO(t, f) = ‘STFTJ@ (t, f)‘ (F.4)
may be interpreted as a time—frequency—parametrized energy distribution since
//SPEC@ (t, fdtdf = ||| (F.5)

tf

Note furthermore that the spectrogram is time—frequency shift—invariant in the following sense:

spECY)

S("a”)m(t’f> = SPECQY)(t - Taf - V)‘

Representation via Time—Frequency—Shifted Projection Operator. In the context of this
thesis it is furthermore illuminating to write the spectrogram formally as a quadratic form

SPECO)(t, f) = <Pgt»f>x,x>,

where Pgt’f ) is the rank—one projection operator onto the time—frequency shifted versions of the analysis
window.
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F.0.2 Gabor Expansion

The short—time Fourier transform entails considerable redundancy due to the fact that time—frequency
shifted versions of the analysis window are highly linearly dependent. This redundancy can be removed
(or at least largely reduced) by sampling the STFT on a rectangular grid,

GO (m, k) / 2(E)* (¢ — mT)e I2ThFY gyt (F.6)

t!

where T and F' denote the time and frequency sampling periods, respectively. This is a signal analysis
point of view. Note, however, that Gabor’s original idea [134] starts from a signal synthesis point of
view, postulating a signal expansion in the form of

a(t) =33 GO (m, k) g(t — mT)el>™*", (F.7)
m  k

where ¢(t) is the so—called Gabor synthesis window or, alternatively, Gabor logon [24, 153, 174, 177,
281, 282, 128, 366, 263, 392, 206, 131, 391, 129, 288]. The Gabor expansion theory is mathematically
equivalent to the concept of “coherent states” is it appears in mathematical physics [175, 274, 66, 6,
292, 69]. It should be emphasized that (i) validity of (F.7) imposes certain constraints on the sampling
density and the synthesis window ¢(t) [18, 28, 31] and (ii) the analysis window ~(¢) (and thus the
coefficients G1 (m, k)) may not be uniquely defined [201, 290, 307, 72, 181, 309, 308]. An in-depth
discussion of these questions is beyond the scope of this appendix. However, for the context of this
work it is interesting to emphasize the relevance of the fundamental threshold

TF =1, (F.8)

which is usually called critical density of the Gabor expansion. This choice was suggested in the original
work of Gabor, who was inspired by heuristic, information theoretic considerations. Nowadays, it is
well-known that his idea makes theoretical sense in so far as one can indeed span the whole Ly(R) via a
critical Gabor family {g("7*F)} for TF = 1. However, the Balian-Low theorem [68] essentially shows
the nonexistence of a pair of “nice” (finite spectral and temporal second order moments) analysis
and synthesis windows such that (F.7) works in the critical case TF = 1. Moreover, for the critical
density, the numerical stability of the representation is poor. Hence, in practice one has to consider
an oversampled Gabor expansion with density,

TF < 1.

F.0.3 Generalized Wigner Distribution

The spectrogram as a time—varying signal spectrum has the fundamental deficiency to depend on the
arbitrary choice of a window function. One way to avoid the arbitrary choice of a window is to start
with an ad hoc definition of a time—varying signal spectrum. By far the most prominent definition of a
time—varying signal spectrum is the Wigner distribution [370, 76, 23, 51, 52, 55, 26, 41, 34, 229, 35, 13]

W (t, f) def /x <t + %) z* (t - %) eI 7, (F.9)

Another classical definition is the Rihaczek distribution [302]

R,(t, f) def /x(t)a:*(t —7)e 2T dr = x(t) X*(f)e I (F.10)

T
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The Wigner distribution and the Rihaczek distribution share a number of attractive properties [159].
These representations can written in a unified way by defining an a—parametrized generalized (cross)
Wigner distribution (GWD) [53, 161, 176]

ng?;)(t,f) =l /x (t + (% - 04) 7') y* <t - (% + 04) 7') e 12T qr, (F.11)

The GWD W,@(t, f) reduces to the Wigner distribution for o = 0 and to the Rihaczek distribution
for a = 1/2. In the present work we always presuppose

la] < 1/2.
Note that the spectrogram can be written as a smoothed GWD,
STVt f) = W (8, f) %+ WD (—t, = f). (F.12)

We mention three properties of the GWD that are specifically relevant for this work (more prop-
erties can be found in the classical paper [51]):

e Sesquilinear Form. The GWD preserves inner signal products in the sense of a unitary,
sesquilinear map (“Moyal’s formula”)

(W, W) = (a1, 2) (1. 3) (F.13)

e Time-Frequency Shift-Covariance. A time—frequency shift of the signal results in a corre-
sponding shift of the GWD,

W, () =Wt -7, f —v). (F.14)
e Integral. The total integral yields the signal’s energy:

| Wi paear = [1atoPa = 2] (F.15)
t f t

F.0.4 Generalized Ambiguity Function

The implicit or explicit use of time—frequency shifted versions of a prototype signal appears in different
applications such as signal analysis, filtering, sonar/radar, and digital communication. In any of these
applications the following question is important: How does the inner product of a signal z(¢) and its
time—frequency shifted version

x(T,V) déf (S(T,I/)x)(t) _ l‘(t - T)ejQﬂ'l/t

depend on the time and frequency shifts 7 and v, respectively. This dependence can be formally rep-
resented by the asymmetrical ambiguity function, also called time—frequency autocorrelation function
(the meaning of the superscript will be clarified soon) [371, 339, 338, 285, 220, 17, 320, 321, 350, 333,
15, 222, 16, 349] which is defined as:

A2 (7 ) % <x,x<w>> = / a(t)x*(t — 7)e TP VL, (F.16)
t

In the context of this work we shall need the fact that the ambiguity function can be seen as an
invertible one—to—one mapping of the signal’s rank—one product x(t)z*(#') onto the correlative time—
frequency plane [157]. The inversion formula is then given by>:

2Bt (#) = / AL (¢ — ¢! )it gy, (F.17)

3The signal z(t) itself is uniquely determined by the rank-one product z(t)z*(¢') up to a constant phase factor.
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The freedom in the definition of a time—frequency shift operator leads to a corresponding freedom
in the definition of an ambiguity function. We have most prominently the just mentioned asymmetrical
ambiguity function (F.16) and the symmetrical ambiguity function®,

AQ (7, v) def /x <t + %) x* <t — %) e 12t (F.18)
t

Analog to the introduction of the generalized Wigner distribution, one can treat these definitions in
parallel by using the family of the generalized (cross—)ambiguity function

e ® [ oo (1=0) P (-G ema o
t

In most applications one is merely interested in the (squared) magnitude of the ambiguity functions
which is fortunately invariant w. r. t. «,

(F.20)

Al )|

2
= AL (r )|
The ambiguity functions satisfy a number of useful properties [159]. The ambiguity function is the
fundamental time-frequency working tool in this thesis, it leads to a compact formulation of the main

results. We here mention just those properties which are of specific interest in our context:

e Mutual Relation. Any member of the family Ag;’) (1,v) can be expressed in terms of the

symmetrical ambiguity function multiplied by an a—dependent unimodular factor:

A (7 0) = A (7, 1) I2mVTe (F.21)

e Sesquilinear Form. The generalized ambiguity function preserves inner signal products in the
sense of a unitary, sesquilinear map:

<Aﬁ(volé?y1’A§EO24?y2> = (xlv'r2> <y1,y2>*. (F.ZZ)

e Fourier Correspondence to the GWD. The generalized ambiguity function is the symplectic
Fourier transform to the generalized Wigner distribution,

AN v) = Feo Fr A WO f). (F.23)

7y ’y
e Temporal/Spectral Correlation. As a time—frequency correlation function, A&“) (r,v) is
consistent with the conventional (a—invariant) temporal and spectral correlation functions, re-
spectively:
AL(r0) = [ala -, (F.24)

A (0,0) = /X(f)X*(f—u)df. (F.25)
f

e Time—frequency Shifting. Time-frequency shifting of a signal corresponds to a modulation
of its ambiguity function:

A(a)

Gty (Tv) = AL (7, v)em 2T (F.26)

Hence, a time—frequency shift of the signal leaves the magnitude of the generalized ambiguity

function unchanged:

2

- \Aga>(7, y)\ . (F.27)

A8 [

“The underlying definition of the symmetrical time—frequency shift operator is discussed in the Appendix B.
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e Maximum. The generalized ambiguity function takes on its maximum in the origin (as expected

for a two-dimensional autocorrelation function)
2 2
469(0,0)” = Jl2)* > |4 (7, )] (F.28)

Radar Uncertainty Principle. The volume under the magnitude—squared ambiguity function
equals the squared energy of the signal:

() > 4
//\A; (ro)| dr dv = |z *. (F.29)

By the combined consideration of (F.28) and (F.29),
2 2
//\A;a>(7, v)| dr dv =|4{)(0,0)|

it gets obvious that the ambiguity function of any signal cannot be arbitrarily concentrated
about the origin. This property is usually referred to as “radar uncertainty principle” because

2
it forbids the existence of a radar pulse with ideally concentrated ‘A;(Ea)(T, 1/)‘ . (Such a signal
would be desirable for the classical radar problem.)

Temporal /Spectral Moments. In the origin, the second derivatives of the ambiguity function
equal the temporal and spectral moments:

2 f(@)
—LaA; (0,0) = 4w/t2lx(t>l2dt=T§, (F.30)
e 1%
t
1024 , , ,
2 0,0) = an [ PIXGPdf = 2 (F.31)
!

One can use these properties to approximate AS;“) (7,v) via Taylor’s formula (valid for small 7,v

and real-valued x(t)):

1

A (1)) ~ 11— — (FIQTQ + T§u2) , (F.32)
2m

4D )| ~ 1—%(F372+Tfu2>. (F.33)
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Notation

List of Abbreviations

EAF ... Expected Ambiguity Function.

GSF ... Generalized Spreading Function.

GWD ... Generalized Wigner Distribution.

GWS .. Generalized Weyl Symbol.

GWVS. ... Generalized Wigner—Ville Spectrum.

HS.. oo Hilbert—Schmidst.

KL Karhunen-Loeve.

LET ... Linear Frequency—Invariant.
LTI Linear Time-Invariant (Linear Translation—Invariant).
LTV . Linear Time-Varying.
MMSE...........oooiieet. Minimum Mean—Squared Error.
MVUB.........ooool Minimum Variance Unbiased.

STFT ...t Short—Time Fourier Transform.

TEDMA ...t Time—-Frequency Division Multiple Access.
WH......o Weyl-Heisenberg.

WVS Wigner—Ville Spectrum.

WSSUS ... Wide-Sense Stationary Uncorrelated Scattering.

List of Important Symbols

() Complex conjugation, adjoint operator.

( )(T"’) ..................... Time—frequency superscript with different meaning for
(i) a signal as 2(™) (t) = x(t — 7)eI2™,
(ii) the time-frequency shift operator S(™*) by S("")z = £(7¥) and
(ili) for a general operator in the sense of shifting its symbol:
H(mv) déf S(T,V)Hs(ﬂ',u)*_

Qe Parameter of the generalized Weyl correspondence and the associated
definitions, always |a] < 1/2 .

Aé“)(r, v), A;‘;(T, 17 B Generalized auto and cross ambiguity function, respectively, see (F.19).
Bra(fys) coveiii. Bifrequency function of LTV system (see(4.4)).
() oo Delta distribution.
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0] A Kronecker’s delta function.

E{ }oo Expectation operator.

EAgEa)(t, f ),EA;,X; (r,v) ..... Expected generalized auto and cross ambiguity function, respectively,
see (2.60)

ESy(tyf)eeeeiiniiiiit. Evolutionary spectrum of a nonstationary process, see (2.36).

ESPEC’;SY) (2 P Physical spectrum of a nonstationary process, see (2.16).

Enga) (t, f ),EW;,%) (t, f) ....Expected generalized auto and cross Wigner distribution, respectively,
see (2.62).

U Frequency.

Foo Frequency Period.

Froo Square root of spectral moment of a signal z(t) (see p. 43).

A Fourier transform defined as (F;_;x) (f) = [ x(t)e 92"/ dt.

t

V) e STFT/Gabor analysis window.

GE) oo STFT/Gabor synthesis window.

G?)(m, ) PN Gabor coefficient, with signal z(t) based on a normalized analysis

window ~(t), see (3.29).

Bty 8) e Impulse response of a linear system, kernel of a linear integral operator,
see (4.3).

ho(t,T) e Alternative form of the impulse response of a linear system, see (4.2).

H.. ... Linear operator, usually Hilbert—Schmidt unless otherwise specified.

Lo Identity operator.

Mty f) oo Multiplier function for STFT-based linear time—varying systems.

My oo Modulation operator acting as (M, z) (t) = x(t)e/>™!.

O(F) e Bachmann-Landau O-notation (used only for asymptotical results valid

for 0 — 0, where ¢(0) = O(o) means that ¢(o) < Ko for sufficiently
small o where K is a o—independent constant).

P Orthogonal projection operator, see (A.13) or, more generally, a
prototype operator.

P, oo Rank—one projection onto the function v € La(R).

Py Rank-one operator with the singular functions v, g € Ly(R) (the kernel
is given by (P)(t,) = y(t)g*(t')).

L(I?)(t, F)eooo Generalized Weyl symbol of a linear operator; without superscript:
Weyl symbol, see (C.1)

X1, (F) oo Indicator function (0/1-valued) of the interval [-T,T] C R

Ry(t, f),Ryy(t, f) oot Auto and cross Rihaczek distribution, respectively, see (F.10).

Rowoo Correlation operator, its kernel is the autocorrelation function of a

nonstationary process, see the footnote on page 6.
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o) P Total spread of underspread operator, see (4.14)

o7 S (i) Total spread of underspread process (2.66), (ii) In Appendix E: o2
denotes the power spectral density of the input process.

STV Time—frequency shift operator, see Section 4.2.1.

Soy(f) oo Cross power density spectrum of two stationary processes.

Sl(;) (TylV) e Generalized spreading function of a linear operator, see (B.10).

SPECY (t F)eooniii, Spectrogram of z(t) with window v(¢) (the magnitude-squared STFT).

STFTY (t } ) T Short—time Fourier transform of =(t) with window ~(t), see (F.1).

By T e Time.

T Time Period.

Tgy ) (2% 3 Short—time transfer function (lower WH symbol, see (4.38)).

T Translation operator acting as (Tx) (t) = x(t — 1)

T Square root of temporal moment of a signal x(t) (see p. 43).

trH .o Trace of the operator H, see (A.27).

nga) (t, f ),Wé?{,) (t,f) «ouenn. Generalized auto and cross Wigner distribution, respectively; without
superscript: Wigner distribution in particular, see (F.11).

T() oo Signal, usually a function € La(R).

X(f) oo Fourier transform (spectrum) of signal x(t).

Zag(ty f) e Zadeh’s time—varying transfer function or, equivalently, Kohn—Nirenberg

symbol of a linear operator, Zg(t, f) = LS/Q) (t, f), see (4.22).

e All sums and integrals go from —oo to co unless otherwise specified.

The inner product is defined as usual

(o,y) % / By Bdt and  (hg) / / h(t, s)g* (¢, 3)dt ds

t

The signal norm is defined as

def
lzl* = (2, 2).

The (Hilbert—Schmidt) operator inner product is defined as usual via the kernels

(H, G) // *(t, s)dtds.

The operator norm is (unusually) defined as the Hilbert—Schmidt norm

2 def

=] (H, H).

The standard operator norm (which induces the uniform operator topology) is denoted by

i s {7 20}



Index

Affine group, 2
Ambiguity function, 158
Approximate eigenpairs, 79, 118
Approximate normality, 70
Approximate symbol calculus, 79, 108
Bargmann transform, 127
Berezin symbol, 81
Bernstein’s inequality, 23
Bias,
of spectrogram based spectral estimation, 41
of time—varying spectral estimate, 152
of transfer function estimate, 154
Bifrequency function, 65, 137
Biorthogonality condition, 87
Chirp signal, 59, 131
Correlation operator, 6
Critical grid, 29, 157
Critical spread, 29, 107, 121
Cross—ambiguity function, 159
Cross—channel interference, 92
Cross—Wigner distribution, 158
Cyclostationary process, 21
Delay—Doppler spread function, 66
Duration of a signal, 44
Eigenvalue,
distribution, 102
generalized, 1
Expected ambiguity function, 17
generalized, 25
interpretation 19
interrelation with time—varying spectra, 25
of underspread process, 26
of various classes of processes, 24
Expected Wigner distribution, 12
Evolutionary Spectrum, 15
Finite-rank approximation, 129
Fourier transform, 5
Gabor expansion, 76, 157
Gelfand transform, 76
Generalized evolutionary spectrum, 16
Generalized inverse, 102
Generalized Wigner—Ville spectrum, 12, 140
Generalized Weyl correspondence, 140
Hilbert—Schmidt operator, 129
Hotelling transform, 1
Impulse response, 65
Input—output relation, 65, 71, 144
Innovations system, 64
Intersymbol interference, 92
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Janssen representation, 139
Jointly underspread operators, 70, 108
Jointly underspread processes, 26, 32
Karhunen—Loeve transform, 6, 11
based Wiener filtering, 9
derivation, 8
Karhunen—Loeve eigenvalues, 7, 10, 13, 20, 29
Karhunen—Loeve subspace, 29
Kohn—Nirenberg symbol, 71, 76, 140
Laplace transform, 1
Linear operator, 128
Linear frequency—invariant (LFI) system, 66, 68
Linear time—invariant (LTI) system, 5, 68
Linear time—varying system, 64
Locally compact abelian groups, 127
Locally stationary process, 24
Lower symbol, 82
Matched Gaussian function, 114
Matched grid, 29
Matched window, 48, 79
Matching rule, 45, 79
Matrix representation of linear operator, 128
Minimum-mean squared error (MMSE) filtering, 6
(see also Wiener filter)
Minimum-norm deconvolution, 49, 83
Minimum-norm Weyl-Heisenberg expansion, 106
Modulation operator, 134
Moment, spectral or temporal of a signal, 43, 160
Moyal’s formula, 158
Multiplicative modification of the STFT, 85, 100,
112
Multiplicity of eigenvalues, 107
Multiwindow method
for spectral estimation, 57
for filtering, 94
Nonstationary environment 1, (see also linear time—
varying system, nonstationary process)
Nonstationary process, 6
Normal operator, 130
Operator algebra, 102
Operator composition (Operator product), 102, 139
Operator norm, 80
Overspread operator, 32, 121
Physical Spectrum, 10, 31, 43
operator theoretic formulation 10
relation to KL transform 11
Periodically time—varying system, 76
Planck’s constant, 127
Positivity of the Wigner—Ville spectrum, 115
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Projection operator, 130
Projective representation, 135
Prototype operator, 13, 43, 108, 144
Power spectrum, 5
Principal components, 1
Quasistationary process, 23
Rank—-one operator, 87
Rank—one projection operator, 7
Reproducing kernel Hilbert space, 108
Resolution of the identity, 103
Rihaczek distribution, 30
Scattering function, 89
Schrédinger representation, 135, 127
Self-adjoint operator, 130
Sesquilinear form, 158
Short—time Fourier transform, 156
based filtering, 84
representation of Weyl-Heisenberg frame oper-
ator, 87
based spectral estimation, 41
global correlation, 36
second—order statistics, 18
statistical optimization, 35
Short—time transfer function, 81
Singular value decomposition, 131
Spectral decomposition, 20, 130
Spectral correlation, 17
Spectrogram, 10, 156
Spreading function, 17, 25
Square root of an operator, 131
Stability, 72, 80, 85, 114
Stochastic sampling principle, 30
Subband coding, 59
Symbolic calculus, 16, 30
Symplectic Fourier transform, 74
System identification, 152
Tapped delay line, 138
Time—division multiple access, 91
Time—frequency correlation function,
of deterministic signal, 158
of stochastic process, 17
of WSSUS system 90
Time—frequency periodic system, 76
Time—frequency shift—covariance, 75
Time—frequency shift operator, 66
Time—frequency shifting of operators, 10
Time—varying power spectrum, 12
Time—varying spectral estimation, 145
Time—varying transfer function, 71, 140
Time-shift operator, 134
Toeplitz operator, 85
Total spread (of underspread operator), 26
Trace class, 132
Trace formula
discrete, 29, 144
continuous, 11, 142
Transfer function (of LTI system), 71 (see also time—
varying transfer function)
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Twisted convolution, 26
Twisted product, 121
Uncertainty principle
Heisenberg’s, 13, 44
Radar, 160
Underspread,
operator, 108
process, 26
system, 68
threshold, 29
Uniformly modulated process 24
Unitary equivalence, 74
Unitary operator, 131
Upper symbol, 85
Variance,
of time—varying spectral estimate, 149
of transfer function estimate, 154
Weil-Brezin transform, 142
Wentzel-Kramers—Brillouin approximation, 126
Wexler—Raz condition, 87
Weyl correspondence, 140
Weyl-Heisenberg expansion
continuous, 13, 27
discrete, 28
Weyl-Heisenberg frame, 53
Weyl-Heisenberg group, 135
Weyl-Heisenberg symbol, 71, 82, 85
Weyl symbol, 73, 140
White noise
nonstationary, 21
stationary, 18
time—frequency locally, 29
Wide—sense stationary process 5, 21
Wide—sense stationary uncorrelated scattering (WS-
SUS), 89
Wiener filter,
stationary case, 6
nonstationary case
for commuting covariances, 9
for general nonstationary processes, 6, 16
multiwindow realization for underspread pro-
cesses, 97
numerical experiment, 97
Wiener—Khintchine relation
nonstationary analogue, 25
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